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C h a p t e r  I
I n  t h i s  c h a p t e r  we w i l l  d e v e l o p  t h e  g r o u n d  w o r k  n e c e s s a r y  
f o r  t h e  V i t a l i - H a h n - S a k s  t h e o r e m  a n d  t h e n  g i v e  S a k s '  p r o o f  o f  
t h i s  t h e o r e m .
D e f i n i t i o n  1 . 1  An  a d d i t i v e  s e t  f u n c t i o n  i s  a  c o m p l e x  o r  e x ­
t e n d e d  r e a l  v a l u e d  f u n c t i o n  p. d e f i n e d  o n  a  f a m i l y  F o f  s u b s e t s
n  n
o f  a  s e t  S  s u c h  t h a t  p . ( 0 )  = 0  a n d  | i ( . U. A . )  = . S ,  p. ( A . )  f o rJL JL JL " <A. .A.
e v e r y  f i n i t e  f a m i l y  , A g , . . . . ,  A ^  o f  s u b s e t s  i n  F
w h i c h  a r e  p a i r w i s e  d i s j o i n t  a n d  w h o s e  u n i o n  i s  i n  F .
D e f i n i t i o n  1 . 2  A c o u n t a b l y  a d d i t i v e  s e t  f u n c t i o n  i s  a n  a d d i t i v e
s e t  f u n c t i o n  p- d e f i n e d  o n  a  f a m i l y  F  o f  s u b s e t s  o f  a  s e t  S  a n d  
CD CD
s u c h  t h a t  = ^S^p.(Ajj^) w h e n e v e r  A ^ , A2 , • • •  a r e  d i s ­
j o i n t  s e t s  i n  F w h o s e  u n i o n  a l s o  b e l o n g s  t o  F .
D e f i n i t i o n  1 . 3  A f i e l d  o f  s u b s e t s  o f  a  s e t  S i s  a  n o n - e m p t y
f a m i l y  o f  s u b s e t s  o f  S w h i c h  c o n t a i n s  t h e  n u l l  s e t ,  t h e  c o m ­
p l e m e n t  ( r e l a t i v e  t o  S )  o f  e a c h  o f  i t s  m e m b e r s ,  a n d  t h e  u n i o n  
o f  e a c h  f i n i t e  c o l l e c t i o n  o f  i t s  m e m b e r s .
D e f i n i t i o n  1 . 4  A o - f i e l d  i s  a  f i e l d ' s  o f  s u b s e t s  o f  a  s e t  S
CO
w i t h  t h e  p r o p e r t y  t h a t  e S w h e n e v e r  A ^ e S ,  n = l , 2 ,  . . .  ,
D e f i n i t i o n  1 . 3  A m e a s u r e  s p a c e  i s  a  t r i p l e  ( S ,  S ,  p.) c o n s i s t i n g  
o f  a  s e t  S ,  a  o - f i e l d  S o f  s u b s e t s  o f  S ,  a n d  a  c o m p l e x  v a l u e d  
o r  e x t e n d e d  r e a l  v a l u e d  c o u n t a b l y  a d d i t i v e  s e t  f u n c t i o n  p. d e ­
f i n e d  o n  S .
D e f i n i t i o n  1 . 6  L e t  p, b e  a  s e t  f u n c t i o n  d e f i n e d  o n  t h e  f i e l d
S o f  s u b s e t s  o f  a  s e t  S .  T h e  t o t a l  v a r i a t i o n  o f  p, o n  E  e  S ,
n
d e n o t e d  b y  v ) | i , E ) , i s  d e f i n e d  a s  v ( p . , E )  = s u p  . S ,  | | i ( E . ) l  w h e r e
1  — J- 1
t h e  s u p r e m u m  i s  t a k e n  o v e r  a l l  f i n i t e  s e q u e n c e s  o f  d i s -
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J o i n t  s e t s  I n  E w i t h  g  E .
Lemma 1 . 7  T h e  t o t a l  v a r i a t i o n  o f  a n  a d d i t i v e  s e t  f u n c t i o n  d e ­
f i n e d  o n  a  f i e l d  E o f  s u b s e t s  o f  a  s e t  S i s  a  n o n - n e g a t i v e  a d d i ­
t i v e  s e t  f u n c t i o n  o n  E a n d  h e n c e  m o n o t o n e ,  i . e . ,  A g  B => v ( | j i ,A )  < 
v ( d , B ) .
P r o o f : -  L e t  ^ A ^ }  b e  a  f i n i t e  s e q u e n c e  o f  d i s j o i n t  s e t s  i n  
E w i t h  A^ g  E UP w h e r e  E ,  F  e E a n d  E R F  = <(). L e t  E^ = E RA^^,
= F R A^ t h e n
n  n  n  n
J
< v ( u , E )  + v ( u , F ) .
H e n c e  v ( p , E  U F)  < v ( u , E )  + v ( p , F ) .
I f  v ( u , E  U F) = OD i t  f o l l o w s  t h a t  v ( p , E  u F )  = v ( u , E )  + v ( u , F ) ,
I f  v ( u , E  U F) < OD t h e r e  e x i s t  f i n i t e  s e q u e n c e s
o f  d i s j o i n t  s e t s  i n  E w i t h  E j  ç  E ,  F^ g  F a n d  v ( m, E )  < e | u ( E j ) |  + c ,
v ( b , F )  < E | n ( F j ) I  + e .
v ( u , E )  + v ( u , F )  < E | m ( E j )1 + E | m ( F j ) |  + 2 e .
< v ( m , E  U F)  + 2e 
T h u s  v ( n , E )  + v ( u , F )  = v ( n , E U F ) .
A l s o  v ( u , ( | ) )  = 0 .  ( d e f i n i t i o n  1 . 6 . )
D e f i n i t i o n  1 . 8  T h e  s y m m e t r i c  d i f f e r e n c e  o f  t w o  s e t s  A a n d  B ,  
d e n o t e d  A A B ,  i s  d e f i n e d  b y  A A B  = ( A- B ) U  ( B - A ) ,
T h e  p r o o f  o f  t h e  f o l l o w i n g  t h e o r e m  may b e  r e a d i l y  s h o w n  a n d
s o  w i l l  b e  o m i t t e d .
T h e o r e m  1 . 9  L e t  ( S ,  E ,  m ) b e  a  m e a s u r e  s p a c e .  T h e  e q u a t i o n  
v ( u ,  A A E )  = 0  d e f i n e s  a n  e q u i v a l e n c e  r e l a t i o n ,  A^^/e , i n  E.
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D e f i n i t i o n  1 . 1 0  A u - n u l l  s e t  N i s  a  s u b s e t  o f  2 s u c h  t h a t  
v ( u ,  N) = 0»
D e f i n i t i o n  1 . 1 1  Any s t a t e m e n t  c o n c e r n i n g  e l e m e n t s  o f  a  s e t  S
i s  s a i d  t o  h o l d  " u - a l m o s t  e v e r y w h e r e** ( u - a . e . )  i f  i t  i s  t r u e
e x c e p t  f o r  t h o s e  e l e m e n t s  i n  a  p - n u l l  s e t .
Lemma 1 . 1 2  I f  A, E a n d  F a r e  s e t s  i n  2  a n d  A / v S  t h e n
v (m , A A F )  = v (m , E A F ) .
P r o o f ; -  E ^ F  = (EH A* A F ' } U ( F  n A '  n E ' ) U  ( A OF H E ' )  U ( A n E n F ’ ) 
w h e r e  A * ,  F* a n d  E '  d e n o t e  t h e  c o m p l e m e n t s  o f  A, F a n d  E r e ­
s p e c t i v e l y ,
v (m , e ^ f )  = v (h , ( E n  A* n f ’ ) )  + v (m , ( f h  a '  n e * ) )  + v ( u , ( a  n f  h e ' ) )
+ v ( u ,  (A HE n F '  ) ) . 
S i n c e  A = E e x c e p t  o n  A A E  a n d  A ^ E  i m p l i e s  A A E  i s  a  u - n u l l  
s e t  we h a v e  A = E u - a , e .  T h u s  v ( u ,  A H E ' )  = 0  a n d  v ( u ,  E R A ' )  = 0  
a n d  f r o m  t h i s  v ( u ,  E R A ' A P ' )  = 0  a n d  v ( u ,  A R F R E ' )  = 0 .
T h u s  v ( u ,  E A F )  = v ( u ,  F A A* R E ' )  + v ( u ,  A RE R F * ) .
S i m i l a r i l y ,  v ( u ,  A A F )  = v ( u ,  F R A ’ R E ’ ) + v ( u ,  A A E R F ’ )
T h u s  v ( u ,  A A F )  = v ( u ,  E A F ) .
D e f i n i t i o n  1 . 1 3  A m e t r i c  s p a c e  (X ,  ) i s  a  n o n - e m p t y  s e t  X o f
e l e m e n t s  t o g e t h e r  w i t h  a  r e a l  v a l u e d  n o n - n e g a t i v e  f u n c t i o n  p  
d e f i n e d  o n  X x  X s u c h  t h a t  f o r  a l l  x ,  y  a n d  z  i n  X;
( i )  ^ ( x , y )  = 0 i f f  X = y
( i i )  ^ ( x , y )  = ç ( y , x )
( i i i )  ^ ( x , y )  < ^ ( x , z )  + ^ ( z , y ) .
T h e  f u n c t i o n  ^  i s  c a l l e d  a  m e t r i c .
I n  t h e  n e x t  t h e o r e m  t h e  a r c t a n  f u n c t i o n  i s  u s e d  t o  i n s u r e
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
4
t h e  f u n c t i o n  ^  d e f i n e d  i s  f i n i t e ,  a s  i t  m u s t  b e  i n  o r d e r  t o  b e  
e l i g i b l e  t o  b e  a  m e t r i c .  A c t u a l l y ,  a r c t a n  c o u l d  b e  r e p l a c e d  
b y  a n y  c o n t i n u o u s  i n c r e a s i n g  f u n c t i o n  s u c h  t h a t  i f  ( 0 )  = 0 ,
+  i g )  <  6 ^  ( x ^ )  +  ^ ^ ( X g )  f o r  x ^ ,  X g  >  0  a n d  ^ ( o o  ) <  od .  
T h e o r e m  l . l 4  F o r  f i x e d  E e S ,  l e t  E( f i )  b e  t h e  e q u i v a l e n c e  c l a s s  
o f  E u n d e r  t h e  r e l a t i o n  ^  . T h e n  t h e  s e t  E(ia)  o f  a l l  e q u i v a ­
l e n c e  c l a s s e s  i s  a  m e t r i c  s p a c e  w i t h  t h e  m e t r i c  ^ ( E ( h ) ,
F { u ) )  = a r c  t a n  v ( u ,  E A F ) .
P r o o f : -  ( a )  F i r s t  we w i l l  sh o w  t h a t  p  i s  w e l l  d e f i n e d ,  i . e .
I f  A i s  a n  e l e m e n t  o f  t h e  e q u i v a l e n c e  c l a s s  E ( u )  a n d  B i s  a n
e l e m e n t  o f  t h e  e q u i v a l e n c e  c l a s s  F ( n )  t h e n  ^  ( A ( h ) ,
B ( h ) )  = ^ ( E ( m ) ,  F ( u ) ) ,  S i n c e  a r c t a n  i s  o n e - t o - o n e  i t  s u f f i c e s
t o  s h o w  t h a t  v ( m , E A F )  = v ( p i ,  a A B ) ,
v ( f j ,  E A F )  = v ( u ,  A A F )  Lemma 1 , 1 2
= V ( M, F A  A )
= v ( u ,  B A A )  Lemma 1 , 1 2
= v ( m , A A B ) .
( b )  Now we s h o w  t h a t  2 ( m ) i s  a  m e t r i c  s p a c e ,
( i )  S i n c e  v ( u ,  E A F )  > 0  a n d  a r c  t a n  i s  a  n o n ­
n e g a t i v e  m o n t o n e  i n c r e a s i n g  f u n c t i o n  o n  CO,od) i t  
f o l l o w s  t h a t  a r c  t a n  v (m , E A F )  > 0 a n d  t h u s  
^ ( E ( h ) , F{ m) )  > 0 a n d  i s  f i n i t e .
( i i )  I f  E ( u )  = F ( u )  t h e n  ^ ( E ( u ) , F ( m ) )
= ç ( E ( i - i ) ,  E ( m ) )  = a r c  t a n  v ( | i ,  e A e ) = a r c  t a n  
v ( u ,  (|)) = 0 .  I f  ^  ( E ( u )  , F(  u  ) ) = 0  t h e n  a r c  t a n  
v ( E A F )  = 0  a n d  s o  v ( | i , E A F )  = 0 ,
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T h u s  E / v F ;  ( T h e o r e m  1 , 9 )  I . e .  E ( u )  -  F ( m ) .
( i l l )  ^ ( E ( u ) ,  F ( u ) )  = ç ( F ( u ) ,  E ( m ) )  s i n c e
v ( u ,  E A F )  = v ( u ,  F A S ) .
( i v )  v ( M,  E A F )  1  v ( M,  ( E A G )  U ( G A F )  )
< v ( m , E A G )  + v ( M,  G A F )
Now s i n c e  a r c t a n  c  < a r c t a n  ( a + b )  <
a r c t a n  a  + a r c t a n  b  f o r  c < a  + b  a n d
a ,  b ,  c  > 0  i t  f o l l o w s  t h a t  a r c t a n
v ( m , E A F )  < a r c  t a n  v ( | j ,  E A G )  +
a r c  t a n  v (m , G A F )
T h u s  t h e  t r i a n g l e  i n e q u a l i t y  h o l d s .
F ro m  t h i s  p o i n t  o n  we w i l l  u s u a l l y  d e n o t e  E ( u )  e E ( m )
b y  E G 2 a n d  t h u s  ^ ( E ( u ) ,  F ( u ) ) w i l l  b e  w r i t t e n  ^ ( E ,  F ) ,
H o w e v e r ,  a  f u n c t i o n  X o n  2  c a n n o t  b e  r e g a r d e d  a s  d e f i n e d  o n
2(|jl) unless X(^) = X(F) whenever v(b, e A F )  = 0.
D e f i n i t i o n  1 . 1 5  L e t  p b e  a  n o n - n e g a t i v e  e x t e n d e d  r e a l  v a l u e d
a d d i t i v e  s e t  f u n c t i o n  d e f i n e d  o n  a  f i e l d  2  o f  s u b s e t s  o f  a  s e t
S .  F o r  a n  a r b i t r a r y  s u b s e t  E o f  S t h e  n u m b e r  m* ( B )  i s  d e f i n e d
b y  t h e  e q u a t i o n  m* ( E )  = i n f  u ( F )  w h e r e  F i s  r e s t r i c t e d  t o  t h e
F e  E
d o m a i n  2  , o f  p .
T h e  p r o o f s  o f  t h e  n e x t  t w o  t h e o r e m s  a r e  s i m i l a r  t o  t h e  
p r o o f s  o f  t h e o r e m s  1 , 9  a n d  1 . 1 4  r e s p e c t i v e l y  a n d  s o  w i l l  b e  
o m i t t e d .
T h e o r e m  l . l 6  T h e  e q u a t i o n  v * ( p ,  £ x ( f ( x )  ^ g ( x ) ^  ) = 0  d e ­
f i n e s  a n  e q u i v a l e n c e  r e l a t i o n ,  f x w g ,  i n  t h e  s e t  o f  c o m p l e x  o r  
r e a l  v a l u e d  f u n c t i o n s  d e f i n e d  o n  S .
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T h e o r e m  1 . 1 7  F o r  f i x e d  f  d e f i n e d  o n  S ,  l e t  [ f ] b e  t h e  e q u i v a ­
l e n c e  c l a s s  o f  f  u n d e r  t h e  r e l a t i o n  r v  • T h e n  t h e  s e t  F ( S ,  2» i-t) 
o f  a l l  e q u i v a l e n c e  c l a s s e s  i s  a  m e t r i c  s p a c e  w i t h  t h e  m e t r i c  
ç ( C f ] ,  [ h ] ) =  a r c t a n  v * ( p ,  £ x | f ( x )  ^  h ( x ) J  ) .
D e f i n i t i o n  l . l 8 F o r  e v e r y  E ç  8 , e v e r y  a  > 0 a n d  e v e r y  r e a l
o r  c o m p l e x  v a l u e d  f u n c t i o n  f  o n  S t h e  s u b s e t  S ( I f I  > a )  o f  E
i s  d e f i n e d  b y  t h e  e q u a t i o n
E ( | f |  > a )  = £ s ( s e E ,  | f { s ) |  > a n d
t h e  f u n c t i o n  | | |  f  |(| = i n f  a r c  t a n  / " a  + v*(iJi ,  S ( | f |  > a) 1 .
a >0  ^
D e f i n i t i o n  1 . 1 9  A f u n c t i o n  f  i s  a  u - n u l l  f u n c t i o n  i f  f  i s  
e q u i v a l e n t  t o  t h e  z e r o  f u n c t i o n .
Lemma 1 . 2 0  A f u n c t i o n  f  e F ( S ,  2 ,  n )  i s  a  p - n u l l  f u n c t i o n  i f f
III f III = 0 .
Proof : - If III f III = 0  then for each e > 0 , 3  a > 0  such that
a + v*(u, S(IfI > a)) < €. Thus a < e ,  soS(|f| > a) ^  8 (|f| > e )
and v*(p, 8 (IfI > e)) < e. Since S(|f| > 6) g  8 (|f| > e) for
6 > e, v*(u, S(IfI > 6)} < e for Ô > e, which proves
v*(p, S(|f| > Ô)) = 0  for every 6 > 0 .  Conversely, if
v*(p,S(|f| > a)) = 0  for each a > O then |||f(|| = 0 ,
Lemma 1 , 2 1  F ( S ,  2 ,  p )  i s  a  v e c t o r  s p a c e  o v e r  t h e  f i e l d  F o f  
r e a l  o r  c o m p l e x  n u m b e r s .
P r o o f Î -  F o r  [ f ] ,  [ g ]  i n  F { S ,  2 ,  m ) a n d  a  g F  d e f i n e
[ f ]  + [ g ]  = [ f  + g ]  
a n d  a C f ]  = C a f ]
We w a n t  t o  sh o w  t h a t  a d d i t i o n  i s  w e l l  d e f i n e d ,  i . e .
I f  h  e [ f ]  a n d  k  e [ g ]  t h e n  [ h ]  + [ k l  = L f ]  + [ g ]
a n d  s o [ h + k ] = [ f + g ] .
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v * ( p ,  £ x | ( f + g ) ( x )  ( h + k ) ( x ) J  ) = f x | f ( x )  + g ( x )  ^ h ( x ) + k ( x ) J  )
< £ x ( f ( x )  4 h ( x ) J  u { x l g ( x )  4 k ( x ) J  )
<  v * ( | j , ^ x |  f ( x )  ^  h ( x ) J  ) +  v * ( m ,  £ " x | g ( x )  4 k ( x ) ^  ) 
S i m i l a r i l y ,  s c a l a r  m u l t i p l i c a t i o n  c a n  b e  s h o w n  t o  b e  w e l l -  
d e f i n e d  a n d  t h e  o t h e r  c o n d i t i o n s  f o r  a  v e c t o r  s p a c e  c a n  b e  s h o w n  
t o  h o l d  a l s o .
We w i l l  s p e a k  o f  t h e  e l e m e n t s  o f  F ( S ,  2 ,  m )  o r  F ( S )  a s  
i f  t h e y  a r e  f u n c t i o n s  r a t h e r  t h a n  s e t s  o f  e q u i v a l e n t  f u n c t i o n s .
T h u s  C f ]  s h a l l  b e  w r i t t e n  a s  f  a n d  t w o  f u n c t i o n s  w h i c h  d i f f e r  
b y  a  n u l l  f u n c t i o n  w i l l  b e  c o n s i d e r e d  a s  t h e  s a m e  f u n c t i o n .
Lemma 1 . 2 2  T h e  n u l l  f u n c t i o n s  f o r m  a  l i n e a r  s u b s p a c e  o f  t h e  
v e c t o r  s p a c e  o f  a l l  r e a l  o r  c o m p l e x  v a l u e d  f u n c t i o n s  w i t h  d o ­
m a i n  S .
P r o o f  t -  L e t  f  a n d  g  b e  i j - n u l l  f u n c t i o n s .
a f  i s  a  | j , - n u l l  f u n c t i o n  s i n c e  
v * ( | j ,  . £ x | a f ( x )  0J  ) = v*(i_i, { _ x | f ( x )  7̂  o)- ) = 0 .
S i m i l a r l y ,  3 g  i s  a  l a - n u l l  f u n c t i o n .
S i n c e  a d d i t i o n  i s  w e l l  d e f i n e d  i n  F ( S ) ,  a f  + g g  i s  e q u i v a l e n t
t o  t o  t h e  z e r o  f u n c t i o n  a n d  t h u s  i s  a  p - n u l l  f u n c t i o n .
D e f i n i t i o n  1 . 2 3  T h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  a  s e t  E i s  
t h e  r e a l  v a l u e d  f u n c t i o n  d e f i n e d  a s
j l  i f  8 G E .
^ 0  i f  s ^ E .
D e f i n i t i o n  1 . 2 4  C o n s i d e r  a  c o m p l e x  o r  r e a l  v a l u e d  f u n c t i o n  f  
o n  S w h i c h  h a s  o n l y  a  f i n i t e  s e t  x ^ ,  . . . ,  x ^  o f  v a l u e s  a n d  f o r  
w h i c h  f “ ^ ( x ^ )  = £ s | s e S ,  f ( s )  = x ^ ^  e 2 ,  1 = 1 ,  . , . ,  n .  Any
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f u n c t i o n  g  o n  S t h a t  i s  e q u i v a l e n t  t o  f  i s  c a l l e d  a  u - s i m p l e  
f u n c t i o n .
Lemma 1 . 2 5 T h e  s e t  o f  | a - s i m p l e  f u n c t i o n s  f o r m  a  l i n e a r  s u b ­
s p a c e  i n  F ( S , Z,  p ) .
n
P r o o f  ; -  I f  f  a n d  g  a r e  p - s i m p l e  f u n c t i o n s  t h e n  f  = ,
m
= { x | f ( x )  = a ^ }  a n d  g  = { x | g ( x )  = ^  .
n  m n  m
^ + S = ^  j ^ l ^ j  "  i = l  j S i  w h e r e
j  + b j  a n d   ̂ = A^n  f  + g i s  a  p - s i m p l e  f u n c -
n  n
t i o n .  Now a f  = ° ^ i S i ^ i  A a  i = l ° ' ^ i * ) ^ A  * T h u s  a f  i s  a  p -
8 i m p i e  f u n c t i o n  a n d  t h e  s e t  o f  p - s i m p l e  f u n c t i o n s  f o r m  a  l i n e a r
s u b s p a c e .
Lemma 1 . 2 6  I f  f  a n d  g  a r e  c o m p l e x  o r  r e a l  v a l u e d  f u n c t i o n s  o n
S t h e n  III f  + g  III < III f i l l  + l l lgl l l  .
P r o o f ; -  F o r  a ,  3 > 0 ,  S ( | f + g |  > a  + 3)
= { s | s e S ,  | ( f + g ) ( s ) |  > a  + 3 }
= { s | s e S ,  I f ( 8 )  + g ( s ) |  > a  + 3 j  .
S ( | f |  > a )  = { s | s e S ,  | f ( s ) | >  a j  
S ( | g |  > 3)  = { s | s e S ,  | g ( s ) |  > 3 }  .
S ( I f I  > a )  U S ( | g |  > 3 )  p  ( s | s e S ,  | f ( s ) |  > a ,  | g ( s ) |  > 3 ]  .
S i n c e  | f ( s )  + g ( s ) |  < | f ( s )  + | g ( s ) |  t h e n  
| s | s e S ,  | f ( s )  + g ( s ) |  > a  + 3} Ç  { s | s e S ,  | f ( s ) |  > a ,  | g ( s ) j  > 3J
o r  S ( | f  + g |  > a  + 3 )  s  8 ( I f I  > a ) U  S ( | g |  > 3 )
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Ill f + sill = Inf arc tan {a + g + v *(m , S(|f + gj > a + 9 ) )}
a , 9 > 0   ̂ ,
< Inf arc tan ( a  +v*(|i, S(|f| > a)) 
a , 9 > 0
+ 9 + v * ( m , S ( | g |  > 9 ) ) }
< Inf (arctan { a  + v*(n, S(|f| > a))} 
a,9>0
+ arctan {9 + S(|g| > 9 ) ) }  )
= Inf arctan { a + v * ( M ,  S((f| > a ) ) V  a>0
+ Inf arctan { 9 + S(|g| > 9 ) ) }  = 111 fill +
9>0
s
D e f i n i t i o n  1 . 2 7  C o n v e r g e n c e  I n  t h e  m e t r i c  s p a c e  P ( S )  I s  
c a l l e d  c o n v e r g e n c e  I n  u - m e a s u r e . A s e q u e n c e  ^  f ^ J  o f  c o m p l e x  
o r  r e a l  v a l u e d  f u n c t i o n s  o n  S c o n v e r g e s  I n  u - m e a s u r e  t o  f  I f f
l l m  III f  - f i l l  = 0 . 
n  OD
Lemma 1 . 2 8  L e t  f  a n d  g  b e  c o m p l e x  o r  r e a l  v a l u e d  f u n c t i o n s  
o n  S ,  F o r  a  f i x e d  s c a l a r  a  t h e  map f  a f  I s  a  c o n t i n u o u s  
map o f  F ( S )  I n t o  I t s e l f ,
P r o o f i -  I f  a  = 0 t h e  a s s e r t i o n  I s  o b v i o u s .  S u p p o s e ,  t h e n ,  
t h a t  a  0  a n d  f ^  c o n v e r g e s  t o  f  a n d  g ^  c o n v e r g e s  t o  g ,
S (  | a f n ~  a f  I > e )  = - { s | s e S ,  | a f ^ ( s )  -  a f ( s ) |  > e ]
= { s | s e S ,  | a | * j f ^ ( s )  -  f ( s ) | >  e }
= { s | s e S ,  I f ^ -  f I  > e / | a |
= S ( l V  ^1 > e / | a | ) .
T h u s  f ^  f  I m p l i e s  a f ^  a f , a n d  I t  f o l l o w s  t h a t  t h e  map
f  - » a f  I s  a  c o n t i n u o u s  map o f  F ( S ) .
Lemma 1 . 2 9  T h e  c l o s u r e  o f  a  l i n e a r  s u b s p a c e  L I n  F ( S ,  E,  p)
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I s  a  l i n e a r  s u b s p a c e .
P r o o f ; -  I f  f  a n d  g  a r e  e l e m e n t s  o f  L t h e r e  e x i s t  s e q u e n c e s
f ^ n 3  i ® n }  ^  s u c h  t h a t  f ^  ^ f  a n d  g ^  g .
We w a n t  t o  show  t h a t  a f  + 0 g  e L .  Lemma 1 . 2 8  t e l l s  u s  t h a t  
g i v e n  G > 0 t h e r e  e x i s t s  6 ’ > 0  s u c h  t h a t  | | |  f ^ -  f | | |  < 6 '  i m ­
p l i e s  a f  III < e / 2 .  A l s o  g i v e n  e > 0 t h e r e  e x i s t s  ô '• > 0
s u c h  t h a t  III g ^  -  gi l l  < 6" i m p l i e s  | | |  0 g ^  -  @g|| | < c / 2 ,  F o r  
6 ’ > 0 t h e r e  e x i s t s  a n  i n t e g e r  s u c h  t h a t  n  > i m p l i e s
f n  -  f | | [  < 6 ' s i n c e  f  f . F o r  6 " > 0  t h e r e  e x i s t s  a n  i n ­
t e g e r  Ng s u c h  t h a t  n>N 2  i m p l i e s  l l lg j^ -g l l l  < 6 " .  T h u s  g i v e n  
e > 0  t h e r e  e x i s t s  a n  i n t e g e r  N = m ax (N ^  s u c h  t h a t  n>N i m p l i e s
III ( a f ^  + 0g^)  -  ( a f  + @g) III < l l l a f ^ -  a f | | |  + III pg| | |  (Lemma 1 . 2 6 )
< e / 2  + e / 2  = e 
/.afn + gg^ af + 0g. .‘.af + gg e L .
D e f i n i t i o n  1 . 3 0  T o t a l l y  p - m e a s u r a b l e  f u n c t i o n s  o n  S a r e  t h e  
f u n c t i o n s  i n  t h e  c l o s u r e ,  w i t h  r e s p e c t  t o  t h e  m e t r i c  ^  , o f  
t h e  s e t  o f  ^ - s i m p l e  f u n c t i o n s  d e f i n e d  o n  S .  TM(S) d e n o t e s  t h e  
s p a c e  o f  a l l  t o t a l l y  ^ - m e a s u r a b l e  f u n c t i o n s  o n  S .
D e f i n i t i o n  1 . 3 1  A f u n c t i o n  f  i s  s a i d  t o  b e  u - m e a s u r a b l e  i f  
f o r  e v e r y  E i n  2 w i t h  v (m , E) < od t h e  p r o d u c t  ^ g ' f  i s  t o t a l l y  
M - m e a s u r a b l e ,  M( S ,  2 ,  p )  d e n o t e s  t h e  s e t  o f  p - m e a s u r a b l e  
f u n c t i o n s  o n  ( S ,  2 ,  p ) .
T h e o r e m  1 . 3 2  T h e  p - m e a s u r a b l e  f u n c t i o n s  f o r m  a  c l o s e d  l i n e a r  
s u b s p a c e  i n  F ( S ) .
P r o o f ; -  I f  t h e  s e q u e n c e  ^ f ^ j  i n  M( S ,  2 , u )  c o n v e r g e s  t o  
f  i n  m e a s u r e  t h e n  g i v e n  e > 0  t h e r e  e x i s t s  a n  i n t e g e r  N s u c h
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t h a t  n  ^  N i m p l i e s  i n f  a r c t a n  + v * ( p . , S ( i f  -  f  I > a ) ) ^  < e .
a>0
T h e  s e t  I ^ n ^ E "  ^  I > cx 5  S ( l f ^ - f |  > a  f o r  e v e r y  B i n  2 .
T h u s  g i v e n  s  > 0  t h e r e  e x i s t s  a n  i n t e g e r  N s u c h  t h a t  n  _> N i m ­
p l i e s  i n f  a r c t a n  Ça + v * ( p ,  S (  I f  f  %  I > a ) ) ?
a > 0  • ^  ^
_< i n f  a r c t a n  Ç a  + v*Cjj, ,  S (  I f  -  f  I >  a )  )  1  <  e .
a > 0  ^  ^
T h u s  ^21  c o n v e r g e s  t o  f  E a c h  f ^  ^  G TM (S)  a n d
t h u s  f  e  T M (S )  s i n c e  TM (S)  i s  a  c l o s e d  l i n e a r  s u b s p a c e .  
(Lemma 1 . 2 9 ) .
T h e r e f o r e  f  e M ( S ,  2 ,  p )  ( D e f i n i t i o n  1 . 3 1 ) .
I t  f o l l o w s  t h a t  M ( S ,  2 ,  p.) i s  a  c l o s e d  l i n e a r  s u b s p a c e .
T h e o r e m  1 . 3 3  F o r  A ,  E i n  2 ,  A ^ E  i f f  t h e  c h a r a c t e r i s t i c  f u n c ­
t i o n s  a n d  a r e  e q u i v a l e n t  a s  e l e m e n t s  o f  M ( S ,  2,  p ) .
P r o o f : -  A - ^ E  i f f  v ( p ,  A 6 E )  = 0 .
S i n c e  A<^ E = - £ x l  ( x )  /  ^ g ( x ) ^  e  2 .
v * ( p ,  £ x |  " Z j^ (x )  /   ̂ = v ( p ,  £ x l  % j ^ ( x )  /  ? ^ ( x ) ^  )
a n d  t h e  t h e o r e m  f o l l o w s .
D e f i n i t i o n  1 . 3 4  A f u n c t i o n  f : X  - > Y  w h e r e  X a n d  Y a r e  m e t r i c  
s p a c e s  i s  a  h o m e o m o r p h i s m  i f  f  i s  a  c o n t i n u o u s  o n e - t o - o n e  m ap
a n d  f ” ^ i s  a  c o n t i n u o u s  m a p .
D e f i n i t i o n  1 . 3 5  A map f : X  o n t o  Y w i t h  m e t r i c s  p  a n d  P ’ r e s p e c ­
t i v e l y  i s  c a l l e d  a n  i s o m e t r y  i f  ^ ' ( f ( x ) ,  f ( y ) ) = p ( x , y )  f o r  
X,  y  e X.
f
T h e o r e m  1 . 3 6  T h e  m a p  E m a y  b e  r e g a r d e d  a s  a  h o m e o m o r p h i sm
o f  2 ( p )  o n t o  a  s u b s e t  o f  M ( S ,  2 ,  p ) .  f  i s  a l s o  a n  i s o m e t r y .  
P r o o f  : -  f  i s  c l e a r l y  1 - 1 .  f  i s  a n  i s o m e t r y  s i n c e
a r c t a n  v ( p ,  E A F )  = a r c t a n  v ( p ,  £ x |  7 ^ ( x )  /  ) •
G i v e n  e > 0  t h e r e  e x i s t s  6 = e s u c h  t h a t  a r c t a n  v ( p ,  E A F )  < 6
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I m p l i e s  a r c t a n  v ( p ,  ^ i |  %  g 4  ^  p  ) < c a n d  s o  ^ ( E ,  P)  < Ô 
I m p l i e s  ^  ( X g »  I C p )  < e .  T h u s  f  i s  c o n t i n u o u s .  S i m i l a r l y  
i t  c a n  b e  s h o w n  t h a t  f  i s  c o n t i n u o u s  a n d  t h u s  f  i s  a  h o m e o ­
m o r p h i s m .
D e f i n i t i o n  1 . 3 7  A C a u c h y  s e q u e n c e  i n  a  m e t r i c  s p a c e  i s  a  s e ­
q u e n c e  ^  ^  s u c h  t h a t  f o r  e v e r y  e > 0  t h e r e  e x i s t s  a n  i n t e g e r
Ng s u c h  t h a t  p  , q, > i m p l i e s  ^  ( x ^  , x ^ )  < e .  We n o t e
h e r e  t h a t  t h e  h o m e o m o r p h i s m  o f  t h e o r e m  1 . 3 6  m a p s  C a u c h y  s e ­
q u e n c e s  i n t o  C a u c h y  s e q u e n c e s  s i n c e  f  i s  a n  i s o m e t r y .
D e f i n i t i o n  1 . 3 8  A s e q u e n c e  o f  r e a l  v a l u e d  o r  c o m p l e x  v a l u e d  
f u n c t i o n s  { f ^ |  d e f i n e d  o n  S c o n v e r g e s  u - u n i f o r m l y  t o  t h e  
f u n c t i o n  f  i f  f o r  e a c h  e > 0  t h e r e  i s  a  s e t  E e E s u c h  t h a t  
v ( u ,  E)  < e a n d  s u c h  t h a t  f c o n v e r g e s  u n i f o r m l y  t o  f  on  
S - E .
Lemma 1 . 3 9  L e t  ( S ,  E ,  n )  b e  a  m e a s u r e  s p a c e .  L e t  { f ^ ^
b e  a  s e q u e n c e  o f  f u n c t i o n s  d e f i n e d  o n  S ,  a n d  s u p p o s e  t h a t
l i m  ( f  -  f  ) = 0  i n  p - m e a s u r e .  T h e n  t h e r e  e x i s t s  a  s u b -  
m . n  -5> OD
s e q u e n c e  "{^n l  ^  f u n c t i o n  f  s u c h  t h a t  ^ f ^  "j.
c o n v e r g e s  p - u n i f o r m l y  t o  f .
P r o o f : -  l i m  ( f  -  f  ) = 0  i n  m e a s u r e  m e a n s  t h a t  g i v e n  e > 0
m , n  ^  OD
t h e r e  e x i s t s  a n  i n t e g e r  N s u c h  t h a t  n ,  m > N i m p l i e s
i n f  a r c t a n  / a  + v * ( p ,  S ( | f  -  f  | > a  ) ) 1  < g .
a >0  ^ n  m
T h e  t h e o r e m  w i l l  b e  p r o v e d  i f  we c a n  s h o w  t h e r e  i s  a  s u b ­
s e q u e n c e  ^ f ^  ^  o f  { a n d  a  s e q u e n c e  |  ^ o f  m e m b e r s  o f
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E such that for each 1, v (m , ) < 1/2^ and
[ f „  ( z )  -  ( 1 )1  < 1 / 2 ^ I f  % /  E, .
^ 1+ 1  ^
G i v e n  e = 1 / 2  t h e r e  e x i s t s  a n  i n t e g e r  s u c h  t h a t
n ,  m > N^y>2 i m p l i e s
i n f  a r c t a n  / a  + v * ( p ,  /  x |  | f  ( x )  -  f  ( x ) |  > a  J- ) V < a r c t a n  1 / 2 . 
a >0  ^ *. n  m -/
F o r  som e a ,  a r c t a n  ^  a  + v * ( i a ,  S ( | f j ^ ( x )  -  f ^ (  x )  | > a ) )  < a r c t a n  1 / 2
a n d  s o  a  + v*(i_i,  S( | f ^ ( x )  -  f ^ ( x )  | > a )  ) < 1 / 2 .
T h e r e f o r e  a  < 1 / 2  a n d  v * ( n ,  S ( | f ^ ( x )  -  f ^ ( x ) |  > a ) ) < 1 / 2
a n d  s o  v * ( m , S ( | f ^ ( x )  -  f ^ ( x ) |  > 1 / 2 ) )  < 1 / 2 ,
G i v e n  e = 1 / 2 ^  t h e r e  e x i s t s ,  s i m i l a r i l y ,  a n  i n t e g e r
s u c h  t h a t  n ,  m > i m p l i e s  v * ( u ,  ^ x |  | f ^ {  x )  -  f ^ ( x ) | >  l / 2^ J )
< 1 / 2 ^ .
L e t  n ^ _ ^  = N ^ y 2 k - 1  a n d  n ^  = m ax(N  2 / 2 ^ »  ^ - 1
T h u s  g i v e n  e = 1 / 2  t h e r e  e x i s t s  N ^ y g  s u c h  t h a t
v ^ ( m ,  ^ x |  I f ^  ( x )  -  f ^  ( x ) |  > 1 / 2 J  ) < 1 / 2  a n d  s o  we c h o o s e
i n  2  s u c h  t h a t  2̂ . -^^1 I (%) -  fj^ ( x ) |  > 1 / 2  J  a n d
v (m , E ^ )  < 1 / 2 . M o re  g e n e r a l l y ,  g i v e n  e = 1 /2 ° ^ “ ^ t h e r e  e x i s t s
N /p m - 1  s u c h  t h a t  v * ( p ,  T x |  | f  ( x )  -  f  ( x ) |  > 1 / 2™"^J  )
m- 1  m
< 1 / 2°*“ ^  a n d
s o  we c h o o s e  E_ -, i n  2  s u c h  t h a tm- 1
® m -l  -  { ^ 1  l ^ n  -  ^ n  I -  1 / 2 “ " ^  a n d  v ( m , E , )  < 1 / 2 ^ " ^ .
m- 1  m
1 A OD
I f  X /  E^ t h e n  ~ < 1 / 2 ^ .  I f  E^
we h a v e
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v(n, F^) < 1/2^"^ since v (m , Fĵ ) < v(u, E ^ )  + v(u, ) +
< 1 / 2 ^  + 1 /2 ^ " ^ ^  + . . .  < 1 / 2 ^ " ^ .
I f  % / F^, | f  (X) - f  ( x ) |  = | f  ( x )  -  f  ( x )is. n. ^l+l
+ f  ( x )  -  f  ( x )  + . . .  f  ( x ) I  
^ 1 + 1  ^ 1 + 2
< I f  ( x )  -  f  ( x ) |  + | f  ( x )  -  f  ( x ) |  + . . .
^ 1  ^ 1 + 1  ^ 1 + 1  ^ 1 + 2
+ I f  ( x )  -  f  ( x ) I .
GD ;3 - i>  1 j
< E | f ^  ( x )  -  ( x ) |  < 1 / 2 ^ " - ^  w h e r e  j  > 1 > k .
m=k m m+1
G i v e n  e > 0  t h e r e  e x i s t s  s u c h  t h a t  1 / 2 ^ “ ^ < e ,  a n d  t h u s
v (m , P ^ )  < e .  F o r  t h e  sa m e  g > 0  a n d  L = k - 1  we h a v e  f o r
n- , n  > L ,  | f  ( x )  -  f  ( x )  I < 1 / 2 ^  < e f o r  
^  a  m
X G S-P^^. I f  we d e f i n e  l i m  f  (x )  = f ( x )  f o r  x  c H p a n d  
^  n ^  ^  OD ^
f ( x )  = 0  f o r  X G n P]^ i t  f o l l o w s  f r o m  t h e  l a s t  s t a t e m e n t  t h a t
f o r  G > 0  t h e r e  e x i s t s  a n  i n t e g e r  L s u c h  t h a t  f o r  j L  > L ,
) f  ( x )  -  f ( x ) |  < G i n d e p e n d e n t  o f  x  g S - F ,  . T h e r e f o r e  f t  \
K  L J
i s  a  C a u c h y  s e q u e n c e  w h i c h  c o n v e r g e s  t o  f  u n i f o r m l y  o n  e a c h  o f  
t h e  s e t s  S - F ^  a n d  h e n c e  f ^  f  p - u n i f o r m l y .
D e f i n i t i o n  1 . 4 0  A m e t r i c  s p a c e  X i s  c o m p l e t e  i f  e a c h  C a u c h y  
s e q u e n c e  i n  X c o n v e r g e s  t o  a  p o i n t  i n  X.
T h e o r e m  1 . 4 l  I f  { S ,  Z ,  p )  i s  a  m e a s u r e  s p a c e ,  t h e  s p a c e  
F ( S ,  Z,  p)  i s  c o m p l e t e
P r o o f : -  L e t  { f ^ }  ^  C a u c h y  s e q u e n c e  i n  F { S ,  Z,  p ) .
By l em m a  1 . 3 9  a  s u b s e q u e n c e  ^ f ^  ^  o f  ^ f ^ ^  c o n v e r g e s
t o  a  f u n c t i o n  f  p - u n i f o r m l y  a n d  h e n c e  | | | f | | |  ^ 0 .  T h u s  g i v e n
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e > 0 ,  t h e r e  e x i s t s  a n  i n t e g e r  N s u c h  t h a t  | | |  -  f ^ | | |  < e / 2
I f  m, n  > N a n d  a n  n ^  > N s u c h  t h a t  | | |  f ^  -  f | J |  < e / 2 ,  C o n ­
s e q u e n t l y ,  III f ^ -  f i l l  < lljfj^-flJ! + III ^  G f o r  n  > N
s o  t h a t  f ^  f  I n  u - m e a s u r e .
C o r o l l a r y  1 . 4 2  I f  ( S ,  E , u )  i s  a  m e a s u r e  s p a c e ,  t h e  s p a c e s  
TM{S, E , m) a n d  M( S ,  E,  p )  a r e  c o m p l e t e .
P r o o f ; -  F r o m  l e m m a s  1 , 2 9  a n d  1 , 3 2  TM( S)  a n d  M( S)  a r e  c l o s e d  
s u b s p a c e s  o f  P ( S ,  E , n ) .  H e n c e  i f  f ^  ^  i s  a  C a u c h y  s e q u e n c e  
i n  TM(S) t h e n  ^ f ^ ^  i s  c o n v e r g e n t  t o  f  i n  TM( S ) .  T h u s  TM(S)  
i s  c o m p l e t e ,  S i m i l a r i l y ,  M( S)  i s  c o m p l e t e .
T h e o r e m  1 . 4 3  I f  ( S ,  E ,  p )  i s  a  m e a s u r e  s p a c e  a n d  ^ f ^  j  i s
a  s e q u e n c e  o f  r e a l  o r  c o m p l e x  v a l u e d  p - m e a s u r a b l e  f u n c t i o n s
d e f i n e d  o n  S t h e n  f ^ ( x )  c o n v e r g e s  t o  f ( x )  a l m o s t  e v e r y w h e r e  i f
■ ^ f ^ j  i s  p - u n i f o r m l y  c o n v e r g e n t  t o  a  f u n c t i o n  f .
P r o o f  ; -  L e t  e E b e  s u c h  t h a t  v ( p ,  E ^ )  < l / m  a n d  s u c h  t h a t
f _ ( x )  ^ f ( x )  u n i f o r m l y  f o r  x  /  E „ .  T h e n  E = E_ i s  a  n u l l  n  lu m—JL m
s e t  s u c h  t h a t  f ^ ( x )  f ( x )  f o r  x  /  E.  I f  ( S ,  E,  p )  i s  f i n i t e ,
t h e n  T h e o r e m  1 , 4 3  c o m b i n e d  w i t h  i t s ' c o n v e r s e  i s  k n o w n  a s
E g o r o f f ' s  t h e o r e m .
C o r o l l a r y  1 . 4 4  I f  ( S ,  E ,  p)  i s  a  m e a s u r e  s p a c e ,  a  s e q u e n c e  
“{ ^ n ]  p - m e a s u r a b l e  f u n c t i o n s  c o n v e r g e n t  i n  m e a s u r e  h a s  a  
s u b s e q u e n c e  t f h i c h  c o n v e r g e s  a l m o s t  e v e r y w h e r e .
P r o o f : -  S i n c e  f ^  f  i n  p - m e a s u r e ,  g i v e n  e > 0  t h e r e
e x i s t s  a n  i n t e g e r  N s u c h  t h a t  n  > N i m p l i e s
v * ( p ,  ^ x :  I f ^ ( x )  -  f ( x ) |  > e / 2 }  ) < e / 2 .  I f  x /  ^ x :  | f ^ ( x ) - f ( x )  | > c / z j
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t h e n  I f ^ ( x )  -  f ( x ) |  < e / 2 .  T h u s  | f ^ ( x )  -  f ^ ( x ) |  < e f o r  
n ,  m > N,  T h u s  f r o m  Lemma 1 . 3 9  t h e r e  e x i s t s  a  s u b s e q u e n c e  
{ f  \  s u c h  t h a t  f  f  u - u n l f o r m l y  b u t  f r o m  T h e o r e m  1 . 4 3 .V n ^  j  n ^
f  -> f  a l m o s t  e v e r y w h e r e ,  
“ i
F r o m  T h e o r e m  1 , 3 6  we sa w  t h a t  t h e  map f ( E )  = "Xg may 
b e  r e g a r d e d  a s  a  h o m e o m o r p h i s m  o f  L ( p )  o n t o  t h e  s u b s e t  C 
o f  M( S ,  S ,  m ) w h e r e  C = ^ A e 2 ^ a n d  t h a t  t h i s  h o m e o m o r ­
p h i s m  m a p s  C a u c h y  s e q u e n c e s  i n t o  C a u c h y  s e q u e n c e s .  T h u s  i f
E ^ )  ^  0  i n  t h e  m e t r i c  s p a c e  Z ( p ) t h e r e  i s  b y  c o r o l l a r y
1 , 4 2  a  f u n c t i o n  X  M( S)  w i t h  P  ( " X p  , X ) 0 i n  t h e
^  n
m e t r i c  s p a c e  F ( S ) .  By c o r o l l a r y  1 . 4 4  som e s u b s e q u e n c e  o f
“{ ^ e J  c o n v e r g e s  a l m o s t  e v e r y w h e r e  t o  X  a n d  t h u s  f o r  a l m o s t
a l l  X i n  S ,  X ( x )  i s  e i t h e r  0  o r  1 .  T h u s  “X -  = X g  f o r  some
E i n  2 .  S i n c e  X  p  X p  M( 8 ) we h a v e  t h a t  g i v e n  e > 0
n
t h e r e  e x i s t s  a n  i n t e g e r  N s u c h  t h a t  n  > N i m p l i e s
^  ( X p  » X  g )  ^  c • B u t  ^  ( X  E » X g )
= a r c t a n  v ( u ,  {%:  X g  ( x ) - X g ( x ) / o J )  
= a r c t a n  v (m , E ^ A E )
= E)
T h u s  ^  ( E ^ ,  E)  < e a n d  E ^  -> E i n  2 ( p ) .  We h a v e  now t h a t  
a n  a r b i t r a r y  C a u c h y  s e q u e n c e  i n  L ( p )  c o n v e r g e s  t o  a  p o i n t  i n  
E ( m ) a n d  t h u s  t h e  s p a c e  2 ( m ) i s  a  c o m p l e t e  m e t r i c  s p a c e .
Now i t  w i l l  b e  s h o w n  t h a t  t h e  a d d i t i v e  f u n c t i o n s  w h i c h  
a r e  c o n t i n u o u s  o n  2 ( p )  c o r r e s p o n d  t o  t h e  p - c o n t i n u o u s  a d d i t i v e
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f u n c t i o n s  d e f i n e d  o n  Z .
D e f i n i t i o n  1 . 4 S  T h e  a d d i t i v e  s e t  f u n c t i o n  X i s  u - c o n t i n u o u s
o r  c o n t i n u o u s  w i t h  r e s p e c t  t o  p  i f  l i m  ( t i l )  = 0 .
v (u ,E ) -$ » 0
Lemma 1 . 4 6  I f  E ,  F a r e  i n  Z a n d  X i s  a n  a d d i t i v e  v e c t o r  o r
scalar valued set function, X(E) - X ( F) = X(E-E flF) - X(F-EAF) . 
Proof:-
X ( E )  = X  [ ( E  -  E n F) U ( E n  F) ]
X ( F )  = X U F  - E n F) U (EH F) ]
Therefore X(E)  - X ( F )  = XC (E -  E 0 F)  U (E n F)  ] -  XC ( F - E n F ) u  (EH F)  3
= X(E -  E O F )  + X(EHF) -  X(F-EnF)  -  X(EHF)
= X(E - E O F )  -  X(F -  E n F)
Theorem 1.47 If X is an additive set function on Z which is 
U-continuous then X(E) = X(p) whenever v(m, E A f )  = 0 and thus 
may be regarded as being defined on Z(p).
Proof; - v( u, E A F )  = 0 implies v(p, E - E OF) + v(p, F - S OF) = 0
from additivity of v. Since v(p) > 0, v(n, E - E HF) = 0 and
v(u, F - E H f )  = 0 . Since X is p-continuous )^(E - E R F )  = 0  
and X(F - E O F )  = 0 and thus X ( E )  =\(F) from lemma 1.46 and 
thus X  is defined on the metric space L(p).
Theorem 1 . 4 8  The additive function X  is continuous on the
metric space E(p) iff X  is p-continuous.
Proof; - Assume X is p-continuous on Z(p) if E^ E in E(p) 
then given e > 0 there exists an integer N such that m > N 
implies ^ (E^, E) < e.
Thus arctan v(p, E ^ A  E) < e and from lemma 1.46
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arctan v ( m ,  E -  E^  AE)  < g and arctan v ( m ,  E^ -  E (1E ^ )  < g .
T h u s  a s  E ^  -> E we h a v e  a r c t a n  v ( u ,  E -  E ^ D E )  -> 0 o r  
v ( u ,  E -  E ^  DE)  ^ 0  a n d  v ( m , E ^  -  S H E ^ )  ^ 0 .
S i n c e  X i s  u - c o n t i n u o u s  X ( E  -  E D E ^ )  0 a n d  \ ( E ^ -  E f l E ^ ) - > 0
and from the identity in lemma 1,46 X(E) - X(E^) 0 and so
X(Ejĵ ) X(E). Thus given g > 0 there exists 6 > 0 such that
^ ( E ^ ,  E) < 6 I m p l i e s  | X ( S ^ )  -  X ( E ) J  < g w h i c h  s a y s  X  i s
c o n t i n u o u s  o n  E ( m ) .
Now a s s u m e  X i s  c o n t i n u o u s  o n  E ( n )  a t  0  a n d  s o  g i v e n
G > 0 ,  t h e r e  e x i s t s  Ô > 0  s u c h  t h a t  ^  ( 0 ,  F) < Ô f o r
F G 2 ( u )  i m p l i e s  | X ( 0 )  -  X ( F ) |  < g . T h i s  s a y s  t h a t
lim X(F) = X(0) and so lim X(F) = 0 and thus X 
v(u,0AF)-5>O v(u,F)-^0
i s  u - c o n t i n u o u s .
N e x t  i t  w i l l  b e  s h o w n  t h a t  t h e  b i n a r y  o p e r a t i o n s  A U B,
A HE, A A B  a r e  c o n t i n u o u s  m a p s  o f  Z(| ji) X Z ( p )  i n t o  E ( u )  a n d  
t h a t  t h e  u n a r y  o p e r a t i o n  o f  c o m p l e m e n t a t i o n ,  A - ^ A*  i s  a  c o n ­
t i n u o u s  map o f  Z ( p ) i n t o  Z ( m ) ,  T h e s e  m a p s  w i l l  b e  p r o v e d  c o n ­
t i n u o u s  b y  t h e  u s e  o f  t h e  i n e q u a l i t y
v ( u ,  E A F )  < v ( m , E)  + v ( u ,  F)  
a n d  t h e  f o l l o w i n g  i d e n t i t i t e s  w h i c h  c a n  b e  r e a d i l y  v e r i f i e d ,
(1) (A UB) A  (A^UB^) = (A A  A^) A (B  A B ^ )  A A n ( B A B 3 _ ) A B ^ n ( A A  A^)
( 2 )  (A nB)  A ( A ^  n B^)= An ( B A  B^)AB^n (A A  A^)
( 3 ) A * A A^ — A A A^
( 4 )  (A A  B) A  (A^ AB^^) = ( A A A^ ) A ( B A  B^)
We d e f i n e  t h e  d i s t a n c e  f r o m  ( A , B )  t o  ( G, D)  i n  Z ( p )  x  Z ( p )  
t o  b e  max(  ^ ( A , C ) ,  ^ ( B , D ) ) ,  A l s o  f : Z ( p )  x  E ( m ) Z ( p ) i s  c o n -
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t i n u o u s  a t  ( A , B )  i f  g i v e n  e > 0 t h e r e  e x i s t s  ô > 0  s u c h  t h a t  
m ax(  ^ ( A , G ) ,  <^ ( B, D) )  < 6 i m p l i e s  ç ( f ( A , B ) ,  F ( G , D )  < e .
T h e o r e m  1 . 4 9  T h e  b i n a r y  o p e r a t i o n  A UB i s  a  c o n t i n u o u s  map 
o f  2 ( h )  X 2 { h )  i n t o  Z ( p ) .
P r o o f Î -  G i v e n  e > 0 ,  s u p p o s e  ô < e / 4 .  I f  m a x ( ^ ( A , G ) ,  ^ { B , D ) ) < 6  
we h a v e  a r c t a n  v ( n ,  A ^ G )  < ô a n d  a r c t a n  v ( | a ,  B A D )  < 6.
Now ^ ( A U B ,  G U D )  = a r c t a n  v ( p ,  ( A U B ) ^ ( G U D ) )
= a r c t a n  v( ki ,  (A A C )  A  ( B A D )  A A  f l ( B A D )  A D  fl ( A A G ) )  .
S i n c e  a r c t a n  v ( | a ,  E A F )  < a r c t a n  v ( | a ,  E) + a r c t a n  v ( | a ,  F )  we
h a v e  a r c t a n  v ( ^ ,  ( A A G ) A ( B A D ) A A n ( B A D ) 4 D n  ( A A G ) )  <
a r c t a n  v ( u ,  ( A A C ) A ( B A D ) )  + a r c t a n  v ( m , A D ( B A  D) A  D fl ( A A  G ) ) .
< a r c t a n  v ( p ,  A A G )  + a r c t a n  v ( p ,  B A D )
+ a r c t a n  v ( u ,  (A (1 B) A  ( A n D) )
+ a r c t a n  v(|_i, ( D n A) A  (D n G ) ) .
< e / 4  + e / 4  + e / 4  + e / 4  = e .
s i n c e  a r c t a n  v ( n ,  (A HB) A  (A n D) ) < a r c t a n  v ( p ,  B A D )  < e / 4
a n d  a r c t a n  v ( p ,  (Dfl  A) A  (D n G) < a r c t a n  v { n ,  A A D )  < e / 4 .
T h e r e f o r e  A U B i s  a  c o n t i n u o u s  m a p .
T h e o r e m  1 .  50 A (IB i s  a  c o n t i n u o u s  map f r o m  2 ( ia )  x  2 ( | a )  t o  
Z:(h).
P r o o f ; -  We w a n t  t o  sh o w  t h a t  g i v e n  e > 0  t h e r e  e x i s t s  ô > 0 
s u c h  t h a t  m ax(  ç ( A ,  G ) ,  ^  ( B , D )  ) < 6 i m p l i e s  ^ ( A H B ,  G HD)  < e .
L e t  6 = e / 2 ,  a r c t a n  v ( p ,  A A  G) < Ô a n d  a r c t a n  v ( m , B A D )  < 6.
a r c t a n  v { u ,  (A A B)  A (G n D) ) = a r c t a n  v ( m , A A ( B A D )  A D A  ( A A C )  )
< a r c t a n  v ( m , ( A A B ) A ( A A D ) ) +  a r c t a n  v ( m , ( D  A A) A  (DAG) ) 
£  a r c t a n  v ( n ,  B A D )  + a r c t a n  v ( u ,  A A G )
< e / 2  + e / 2  = e .
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T h u s  A A B  i s  a  c o n t i n u o u s  m a p .
T h e o r e m  1 .  51 A A B  i s  a  c o n t i n u o u s  map f r o m  E ( m ) x  E( i a)  t o  B ( p ) , 
P r o o f : -  We w a n t  t o  sh o w  t h a t  g i v e n  e > 0 t h e r e  e x i s t s  6 > 0 
s u c h  t h a t  m a x (  ^  ( A, C)  , ^ ( B , D ) )  < ô i m p l i e s  ^  ( A A B ,  C A D )  < e .
L e t  Ô = e / 2 ,  a r c t a n  v ( p ,  A A C )  < Ô a n d  v ( p ,  B A D )  < Ô
t h e n  a r c t a n  v ( p ,  (A A  B) A  ( C A D ) )  = a r c t a n  v ( p ,  (A A C) A  (B A D )  )
< a r c t a n  v ( p ,  A 6  C ) + a r c t a n  v ( p ,  B A D )
< e / 2  + e / 2  = e .
T h u s  A A B  i s  a  c o n t i n u o u s  m a p .
T h e o r e m  1 . 5 2  T h e  u n a r y  o p e r a t i o n  o f  c o m p l e m e n t a t i o n ,  A A ' 
i s  a  c o n t i n u o u s  map o f  E ( m ) i n t o  E ( p ) .
P r o o f : -  We w a n t  t o  s h o w  t h a t  g i v e n  e > 0  t h e r e  e x i s t s  6 > 0  
s u c h  t h a t  Ç ( A , B )  < 6 i m p l i e s  ç ( A ’ , B ' )  < e .  L e t  ô = e 
Ç ( A * , B ' )  = a r c t a n  v ( p ,  A ‘ A B ' )  = a r c t a n  v ( p ,  A A B )  < e .
T h u s  we h a v e  c o n t i n u i t y .
Lemma 1 . 5 3  I f  a  r e a l  o r  c o m p l e x  v a l u e d  a d d i t i v e  s e t  f u n c t i o n
d e f i n e d  o n  a  f i e l d  2 o f  s u b s e t s  o f  a  s e t  S i s  b o u n d e d ,  i t  i s
o f  b o u n d e d  v a r i a t i o n  ( i . e .  v ( p , S )  < o d ) a n d  v ( p , S ) <  4  s u p | p ( E ) |
E gE
P r o o f  ; -  L e t  p  b e  a n  a d d i t i v e  s e t  f u n c t i o n  o n  E w i t h  | p ( E ) |  < M 
f o r  e v e r y  E i n  2 ,  I f  p i s  r e a l  v a l u e d  t h e n  f o r  a n y  f i n i t e  s e ­
q u e n c e  / E . l  ^  o f  d i s j o i n t  s e t s  i n  E,
 ̂ i = l
n
i i ^ | p ( E ^ ) |  = E p ( E ^ )  -  E ' p ( E j _ )
= p ( U ^ E ^ )  -  p ( U" E ^ )  w h e r e  E^ a n d  u"^(E~ a n d  u ” ) 
a r e  t a k e n  o v e r  t h o s e  i  f o r  w h i c h  p(Ej ^)  > 0  ( p ( E ^ )  < 0 ) .
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T h u s  v ( |_ i ,S )  = s u p  -fl-i(A) -  5  2M.
A , B g Z **
I f  n  i s  c o m p l e x  v a l u e d  I t s  r e a l  a n d  i m a g i n a r y  p a r t s  a r e  a d d i ­
t i v e  r e a l  s e t  f u n c t i o n s  o n  E w h o s e  a b s o l u t e  v a l u e s  a r e  b o u n d e d  
b y  M, T h u s  i n  t h i s  c a s e  v ( m , S )  < 4M.
Lemma 1 .  54 T h e  v a l u e s  o f  a n  e x t e n d e d  r e a l  v a l u e d  m e a s u r e  |d
w h i c h  n e v e r  a s s u m e s  t h e  v a l u e  +CD h a v e  a  f i n i t e  u p p e r  b o u n d .
P r o o f ; -  S u p p o s e  t h a t  i_i i s  n o t  b o u n d e d  a b o v e .  C a l l  a  s e t
E,  € E u n b o u n d e d  i f  s u p n ( E  D E , )  = + œ; o t h e r w i s e  c a l l  i t  
 ̂ EeE  ^
b o u n d e d .
T h e n  e i t h e r
a ,  e v e r y  u n b o u n d e d  s e t  c o n t a i n s  a n  u n b o u n d e d  s e t  o f  a r b i ­
t r a r i l y  l a r g e  m e a s u r e ,  o r
b ,  t h e r e  e x i s t s  a n  u n b o u n d e d  s e t  F e E a n d  a n  i n t e g e r  N s u c h  
t h a t  F  c o n t a i n s  n o  u n b o u n d e d  s e t  o f  m e a s u r e  g r e a t e r  t h a n  N.
I n  t h e  f i r s t  c a s e  b y  u s i n g  i n d u c t i o n  we c a n  f i n d  a  d e ­
c r e a s i n g  s e q u e n c e  o f  u n b o u n d e d  s e t s  E s u c h  t h a t  u ( E  ) > n ,
0 0  OD
T h e n  n (  E ^)  + h ( E ^  -  E ^ + ^ )  = n ( E ^ ) .
S i n c e  m( E ^ ) t̂ + (3D , t h e  s e r i e s  o n  t h e  l e f t  c o n v e r g e s  t o  a  f i n i t e  
q u a n t i t y ,  a n d  we h a v e
CSD
. 0.1 E ,  ) -  l i m  n ( E ^ ) = +  OD w h i c h  c o n t r a d i c t s  t h e  
^ n  OD ^
h y p o t h e s i s .
I n  t h e  s e c o n d  c a s e  l e t  F^  b e  a  m e a s u r a b l e  s u b s e t  o f  F 
s u c h  t h a t  b ( F ^ )  > N.  F ^  e x i s t s  a s  F i s  u n b o u n d e d .  T h e n  F ^  
i s  n o t  u n b o u n d e d ;  s i n c e  F  i s  u n b o u n d e d ,  F -  F^  i s  u n b o u n d e d .  
L e t  A^ b e  a  m e a s u r a b l e  s u b s e t  o f  F -  F ^  s u c h  t h a t  u ( A ^ )  > 1 ,
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T h e n  s i n c e  P c o n t a i n s  n o  u n h o u n d e d  s e t  o f  m e a s u r e  g r e a t e r  t h a n  
N, ? 2  = U i s  b o u n d e d ,  s o  F -  i s  u n b o u n d e d .  P r o c e e d i n g  
i n d u c t i v e l y ,  we c o n s t r u c t  a  s e q u e n c e  o f  d i s j o i n t  m e a s u r a b l e  
s e t s  A t ,  A p ,  . . .  s u c h  t h a t  i-i(A, ) > 1 f o r  e v e r y  k .  I t  f o l l o w s
OD
t h a t  ia( A^)  = + ao , c o n t r a r y  t o  a s s u m p t i o n .
I t  f o l l o w s  i m m e d i a t e l y  f r o m  t h e  p r o c e e d i n g  l em m a  t h a t  i f  
( S ,  L ,  m ) i s  a  f i n i t e  m e a s u r e  s p a c e  ( p  d o e s n ' t  t a k e  o n  v a l u e s
+ œ 01  -  0 0 ) t h e n  p i s  b o u n d e d .
D e f i n i t i o n  1 . 5 5  L e t  p  b e  a  b o u n d e d  a d d i t i v e  r e a l  s e t  f u n c ­
t i o n  d e f i n e d  o n  a  f i e l d  Z o f  s u b s e t s  o f  a  s e t  S ,  T h e  p o s i t i v e  
v a r i a t i o n  p ^  a n d  t h e  n e g a t i v e  v a r i a t i o n  p~ a r e  s e t  f u n c t i o n s  
d e f i n e d  o n  E b y  t h e  e q u a t i o n s
p ^ ( E )  = 1 / 2  v ( p , E )  + p ( E )  , p " { E )  = 1 / 2  v ( p , E )  -  p ( E )  .
Lemma 1 . 5 6  ( J o r d a n  d e c o m p o s i t i o n )  I f  p  i s  a  b o u n d e d  a d d i t i v e
r e a l  s e t  f u n c t i o n  d e f i n e d  o n  a  f i e l d  Z ,  t h e n  f o r  e a c h  E i n  Z
p ^ ( E )  = s u p  p ( F ) , p  ( E )  = -  i n f  p ( F )  w h e r e  F i s  r e s t r i c t e i  
F Ç  E F c  E
t o  t h e  d o m a i n  Z o f  p .  T h e  s e t  f u n c t i o n s  p ^ ,  p  a r e  a d d i t i v e .
n o n - n e g a t i v e  a n d  f o r  e a c h  E i n  Z .
p ( E )  = p '^ ( S )  -  p “ ( E ) ,  v ( p , E )  = p ^ ( E )  + p ” ( E ) .  
P r o o f ; -  I f  F c  E ,  E ,  F e Z t h e n
2 p ( F )  = p ( P )  + p ( E )  -  p ( E - F )
< p ( S )  + | p ( F ) |  + | p ( E - F ) |
< p ( S )  + v ( p , E )
= 2 p ^ { E )
T h e r e f o r e  s u p  p ( F )  < p ^ ( E ) .
F <= E
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Now let € > 0 and E^, E^ be disjoint sets in £ with
UE. = E a n d  £ ( n ( E .  ) | > v(l_i,E) -  e .
- I -  ^
T h e n  2\i ( E )  -  e = v ( n , S )  + m( E)  -  e < | i-i(E^^ ) | + m( E)
= h( U"̂ Ê ) -  u(u'Ej^) + |u(u'^Ej^) + h { u “Ej^)j
= 2 n (  U % )
< 2 s u p  p ( F ) .
F c: E
S i n c e  G i s  a r b i t r a r y  n ^ ( E )  < s u p  u ( F )  a n d  t h u s  |j ^ ( E )  = s u p  i a ( F ) ,
F c  E F Ç  E
S i n c e  p ” = { - m’V ^  we h a v e  m~ ( E )  = { - p i  ^ ( E )  = s u p  - p ( F )
P Ç  E
m" ( E )  = -  i n f  p ( F )  s i n c e  i n f  p ( F )  = -  s u p  - p ( F ) .
F Ç E F g  E F Ç: E
T he  s e t  f u n c t i o n s  p'*’ a n d  p~  a r e  a d d i t i v e  s i n c e  p  a n d  v ( p )  a r e
a d d i t i v e .  v ( p , E )  i s  n o n - n e g a t i v e  a n d  s i n c e  v ( p , E )  > | p ( E ) |  i t
f o l l o w s  t h a t  v ( p , E )  + p ( E )  > 0  a n d  v ( p , E )  -  p ( E )  > 0 a n d  t h u s
p'*’ a n d  p ” a r e  n o n - n e g a t i v e  f o r  e a c h  E i n  E ,  p ( E )  = p ^ ( E )  -  p ~ ( E )
a n d  v ( p , E )  > p ^ ( E )  + p ” ( E)  b y  d e f i n i t i o n  1 , 5 5 .
Lemma 1 . 5 7  I f  ( S ,  E ,  p )  i s  a  f i n i t e  m e a s u r e  s p a c e ,  t h e  t o t a l
v a r i a t i o n  v ( p )  i s  c o u n t a b l y  a d d i t i v e  a n d  b o u n d e d .  I f  p  i s
r e a l  v a l u e d ,  t h e  u p p e r  a n d  l o w e r  v a r i a t i o n s  p"^ a n d  p ” a r e  a l s o
c o u n t a b l y  a d d i t i v e  a n d  b o u n d e d .
P r o o f ; -  By t h e  r e m a r k  f o l l o w i n g  l em m a  1 , 5 ^  we h a v e  p  b o u n d e d  
a n d  f r o m  lem m a  1 , 5 3  P i s  o f  b o u n d e d  v a r i a t i o n  a n d  
v ( p , S )  < 4  | u g j p ( E ) | ,  Now we w a n t  t o  e s t a b l i s h  t h e  c o u n t a b l e  
a d d i t i v i t y  o f  v { p ) .
L e t  - { E ^ ^  b e  a  s e q u e n c e  o f  d i s j o i n t  s e t s  i n  E a n d  l e t
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OD
,iliE = E. Since v(u) is non-negative and additive, 
^  ra m
v (m ,E) > v ( | i ,  = n?l “ *
CD '
T h e r e f o r e  v ( m , E)  > ^ § g ^ v ( | j , S ^ )
H o w e v e r ,  l e t  b e  a  f i n i t e  s e q u e n c e  o f  d i s j o i n t  m e a s u r a ­
b l e  s e t s  w i t h  5  E ,  T h e n
k  k  oo k  00
i S i I m Cf ^ ) !  = i g i l k . (  E „ ) ) |  = i S j  ^ g ^ n ( F ^ n E ^ ) !
00 k  00
^  n § l  i S l . l L ' t F l  n B „ ) |  <
00 00 
T h e r e f o r e  v ( j i , E ) <  ^ | ^ v ( u , E ^ )  a n d  v ( m , E )  = v ( n , E ^ )
o r  v ( u )  i s  c o u n t a b l y  a d d i t i v e .
S i n c e  v (m ) a n d  u a r e  c o u n t a b l y  a d d i t i v e  a n d  b o u n d e d  i t
-f. .
f o l l o w s  t h a t  M a n d  |i a r e  c o u n t a b l y  a d d i t i v e  a n d  b o u n d e d .  
D e f i n i t i o n  1 . 5 8  T h e  l i m i t  i n f e r i o r  a n d  l i m i t  s u p e r i o r  o f  a
s e q u e n c e  o f  s e t s  a r e  d e f i n e d  b y  t h e  e q u a t i o n s
00 00 00 00 
limninf E^ = m=n^m* E^ - ®n*
l i m ^ i n f  E ^  = l i m ^ s u p  E ^  t h e n  { E ^ ]  i s  s a i d  t o  b e  c o n v e r g e n t .
Lemma 1 . 6 9  I f  ( S ,  E,  m ) i s  a  f i n i t e  p o s i t i v e  m e a s u r e  s p a c e  
a n d  ^ E ^ ^  a  s e q u e n c e  o f  m e a s u r a b l e  s e t s  t h e n
U ( l i m n i n f  E ^ )  < l i m n i n f  b ( E ^ )  < l i m ^ s u p  p ( E ^ )  < u ( l i m ^ s u p  E ^ ) .
P r o o f : -  I f  {E ĵ \  i s  a  n o n - d e c r e a s i n g  s e q u e n c e  w i t h  l i m i t  E
t h e n  E = E^  U ( E g -  E^ )  U , . , ,  a n d  m ( E )  = l i m ^  u ( E ^ )
s i n c e  oo
U( S )  = n ( „ l J x F ^ )  w h e r e  = E ^ ,  Pg = E g -  E ^ ,  . . . .  F ^ = E ^ - E ^ _ ^  _.
00 n  n
= l l m „  M ( S „ ) .
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If I s  a non-increasing sequence with limit E
then S - E  = ( S - E ^ )  U [ ( S - E ^ )  -  ( S - E ^ ) ]  U ... and 
m ( S - E )  = lim iJ i(S-E^)^ m( S)  -  m( E)  = lim Lh(S) - m (E ^ )]
n n
Therefore u ( E )  = lim u ( E ^ )
If n is non-negative and is an arbitrary sequence
in Z then we want to show that
00 00 00 00
‘'t M'Ai  mln n^l m'in ^
( 00 V 00m&n ^mi n=l ^ non-decreasing sequence with limit
0 0  OD 0 0  0 0  00
E = m i n  m&n
= H m ^ l n f  E „ )  < u { E „ ) .
is a non-increasing sequence with limit
00
S i n c e m^n
CD CD
E =
n i l m ^n
CD 00
h( n l 1  m - n  ■
00 00 
) = " ll-n„sup >llm^sui
Corollary 1.6o If (S, E, n) is a finite measure space and
{E^^ a convergent sequence of measurable sets, then
lim h(E ) = p(lim E^). n a n
Prooft- If p is positive, the conclusion follows from lemma 
1.59. For the general case we split p into its real and
imaginary parts and then by the Jordan decomposition theorem
we can decompose each of these into the difference of two 
positive set functions. Applying lemma 1.57 we get all four
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p a r t s  a s  b o u n d e d ,  c o u n t a b l y  a d d i t i v e  s e t  f u n c t i o n s .  Now t h e  
c o n c l u s i o n  f o l l o w s  b y  t h e  l a s t  l e m m a .
T h e o r e m  1 . 6 l  I f  v ( p ,  S)  < œ  a n d  i f  a  s e q u e n c e  i n  L
c o n v e r g e s  t o  E i n  t h e  s e n s e  o f  d e f i n i t i o n  1 . 5 8  t h e n  
p ( E  , E)  - » 0 .
\  CD CD 0 0  œ
P r o o f : -  S i n c e  C o n v e r g e s  = E .
CD CD
F i r s t ,  we w a n t  t o  sh o w  t h a t  E ) = 0
n — x  ID
00 00 00 
A ssu m e  x  e t h e n  x  e ^ ^ ^ ^ ( E ^ A E )  f o r  e a c h  n«
T h u s  g i v e n  a n  I n t e g e r  N t h e r e  e x i s t s  m > N s u c h  t h a t  
X e E ^ A  E ,  t h a t  i s  x  e E ^ -  ( E n E ^ ) o r  x  e E -  ( E 8 E ^ ) .
CD CD
X e E -  ( E n E ^ )  I m p l i e s  x  e E = E ^ ;  t h i s  i n  t u r n  i m -
00
p l i e s  X  e E_ f o r  som e n  w h i c h  i m p l i e s  x  e E „  f o r  a l l  m > n .
m — Li m  ID
T h i s  i s  a  c o n t r a d i c t i o n .  T h e  e x i s t e n c e  o f  a r b i t r a r i l y  l a r g e
oo 00
m s u c h  t h a t  x  e E ^ -  ( E d  E ^ )  i m p l i e s  x  e E^  = E w h i c h
i s  a l s o  a  c o n t r a d i c t i o n .  T h u s  l i m  ( E ^ A E )  = 0 .  C o r o l l a r y
1 . 6 o  s a y s  l i m  p ( E  A E) = p ( l i m  E A S )  = p(g^) = 0 .  T h e r e -
n  n
f o r e  v ( p ,  E ^ A S )  0 o r  a r c t a n  v ( p ,  E ^ A E )  0 w h i c h  i m p l i e s  
^ ( E ^ ,  E)  ^ 0 .
T h e o r e m  1 . 6 2  I f  v ( p ,  S)  < od t h e  c l o s u r e  i n  E ( m ) o f  a  s u b ­
f i e l d  o f  E i s  i t s e l f  a  o - f i e l d .
P r o o f ; -  L e t  E^ d e n o t e  t h e  c l o s u r e  o f  E^
a )  E^ c o n t a i n s  t h e  e m p t y  s e t  a s  E^ i s  a  f i e l d  o f  s u b s e t s
o f  S .
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b )  We w a n t  t o  sh o w  c o n t a i n s  t h e  c o m p l e m e n t  o f  e a c h  
o f  i t s  m e m b e r s .  C o n s i d e r  t h e  e l e m e n t s  i n  t h a t  a r e  
n o t  i n  We k n o w  t h a t  t h e  c o m p l e m e n t s  o f  a l l  e l e m e n t s  
i n  a r e  t h e m s l e v e s  i n  E^ a n d  t h u s  i n  E ^ ,
L e t  A e E^ b u t  A i  E ^ .  T h u s  t h e r e  e x i s t s  a  s e q u e n c e
t h a t  D e f i n e  f ( B )  = B*
f o r  B e E ^ ,  f  i s  c o n t i n u o u s .  ( T h e o r e m  1 . 5 2 )
T h u s  l i m  f ( A ) = f ( A )  = A* b u t  l i m  A '  = l i m  f ( A ) = A '  
n  OD n  OD n * ^ O D
T h e r e f o r e  A* i s  i n  E ^ .
c )  To sh o w  c o n t a i n s  f i n i t e  u n i o n s .
L e t  A a n d  B b e  e l e m e n t s  o f  E ^ .  T h e r e f o r e  t h e r e  e x i t s  a
s e q u e n c e  { A ^ j  s u c h  t h a t  ^ ( A ^ , A )  0 a n d  a  s e q u e n c e
^ ® n i  t h a t  ^ ( B ^ ,  B) 0 .  D e f i n e  f ( C , D )  = C U D
f o r  C ,  D i n  E, f  i s  c o n t i n u o u s .  ( T h e o r e m  1 . 4 9 )
T h u s  l i m  f ( A  , B „ )  = f ( A ,  B) = A Ù B . 
n  QD
B u t  l i m  f ( A , B ) = l i m  (A Ü B ) = A UB a n d  s o  
n ^ o D  n  OD
n
A UB i s  i n  E^ a n d ,  b y  i n d u c t i o n ,  j^U^A^ e E^,
—  00
d )  To show  E, c o n t a i n s  c o u n t a b l e  u n i o n s  „JJ ,A_ X n —X n
n( n  -V d>i ^ l ^ i ( n = l  i = l ^ i  ^ l *
n  00 00
L e t  N o t e  t h a t  n  = 1 i f  E =
00 00
= m i l  mfin
( E ^ ,  E) 0  ( T h e o r e m  1 . 6 l ) ,  a n d  t h u s  E e E
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00 œ  c o c o n  c o c o  co
Now m ^n ~ n - 1  m - n  k - l ^ k  ”  n - 1  m=i*l^m ~ m=l^m
c o c o  c o c o n  co n  co
n ^ l  m=n ^ n  ^  m&n k ^ l ^ k  n ^ l  k*!^l^k ^  k = l ^ k *
CD
T h u s  E = -^k E ^ ,  a n d  t h e r e f o r e  E^ i s  a  o - f i e l d ,
T h e  r e s u l t s  o f  a l l  t h e  t h e o r e m s  a n d  l e m m a s  u p  t o  t h i s  
p o i n t  may b e  s u m m a r i z e d  i n  t h e  f o l l o w i n g  lem m a  A : -  
Lemma A I f  ( S ,  E ,  p )  i s  a  m e a s u r e  s p a c e ,  t h e  o - f i e l d  E i s  
a  c o m p l e t e  m e t r i c  s p a c e  u n d e r  t h e  m e t r i c  ^ ( A , B )  = 
a r c t a n  v ( p ,  A ^ B ) ,  An a d d i t i v e  v e c t o r  o r  s c a l a r  v a l u e d  f u n c ­
t i o n  o n  E i s  d e f i n e d  a n d  c o n t i n u o u s  o n  E ( p )  i f  a n d  o n l y  i f  i t  
i s  p - c o n t i n u o u s .  T h e  o p e r a t i o n s  A U B ,  A (IB, A / i  B ,  A* a r e  
c o n t i n u o u s  f u n c t i o n s  o f  A a n d  B .  I f  v ( p ,  S)  < co t h e  c l o s u r e  
i n  E ( p )  o f  a  s u b f i e l d  o f  E i s  a  o - f i e l d .
T h e o r e m  1 , 6 3  ( V i t a l i - H a h n - S a k s ) L e t  ( S ,  E ,  p )  b e  a  m e a s u r e  
s p a c e  a n d  a  s e q u e n c e  o f  p - c o n t i n u o u s  v e c t o r - o r  s c a l a r ­
v a l u e d  a d d i t i v e  s e t  f u n c t i o n s  o n  E .  I f  l i m  X ^ ( E )  e x i s t s  f o r
e a c h  E i n  E t h e n  l i m  X ( E )  = 0  u n i f o r m l y  f o r  n  = 1 ,  2 ,
v ( p , E )  ^ 0  ^
P r o o f  Î -  By lem m a  A i s  c o n t i n u o u s  o n  E ( p ) ,  F o r  e > 0
we w i l l  sho w  t h e  s e t s  E^  = ^ E ( E  e E ,  } \ ^ ( E )  -  Xg^(E) | < e ^  , 
n ,  m = 1 ,  2 ,  . . .  Ep = n , 9 i ^  ^ n ,m »  P = 2 ,  . . .  a r e  c l o s e d  i n
t h e  c o m p l e t e  m e t r i c  s p a c e  E ( p ) .
E a c h  X j j  c o n t i n u o u s  i m p l i e s  X ^  -  i s  c o n t i n u o u s .
L e t  f  = X„ -  C o n s i d e r  t h e  c l o s e d  s e t  C - e ,  e ] .XI n 111 XX HI
- 1  r 1
^ n  m * e J i s  c l o s e d  s i n c e  t h e  i n v e r s e  i m a g e  o f  a  c l o s e d  s e t
i s  c l o s e d  i f  t h e  f u n c t i o n  i s  c o n t i n u o u s .  B u t  f ~ ^ „ C - e , e ]  = E„ _n , m  ’ n , m
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a n d  t h u s  E i s  c l o s e d .  A l s o  E_ i s  c l o s e d  a s  E„ i s  t h e  i n t e r -  
n , m  p  P CD
s e c t i o n  o f  c l o s e d  s e t s .  Now we w i l l  sh o w  t h a t  E ( u )  = .p —j. p
F o r  E i n  E ( p )  l i m  X  ( E)  e x i s t s  o r  g i v e n  e > 0 t h e r e  e x i s t s
n
N s u c h  t h a t  n  > N i m p l i e s  | -  f ( E ) |  < e / 2 .  T h u s  g i v e n  
e > 0  a n d  n ,  m > N we h a v e
| f„{E)  - f^(E) |  < | f„(E)  - f ( E ) |  + | f (E)  -  f„(E) |  < e .
T h e r e f o r e  E e E„ „  f o r  a l l  n ,  m > N a n d  s on , m  » _
® ® ^N n , f l> N  ^n ,m *
0 0  OD
T h e r e f o r e  E e a n d  s i n c e  ^ U ^E ^  «= e ( m )
0 0
we h a v e  E ( p )  = E „ .p —± p
T h e  B a i r e  C a t e g o r y  t h e o r e m  [ $ ]  s h o w s  t h a t  o n e  o f  t h e  s e t s  
Ep h a s  a n  i n t e r i o r  p o i n t .
L e t  Eq b e  a  s e t  t h a t  h a s  a n  i n t e r i o r  p o i n t  A. S i n c e  
\  = n , & > g  ^ n , m  h a v e  A e f o r  a l l  n , m  > q .
A l s o  t h e r e  e x i s t s  a  s p h e r e  K ( A , r )  = £ e | e  e E,  v ( u .  A A E )  < r ^  
w h e r e  K c  E ^ . CWe c o u l d  s a y  a r c t a n  v ( i a ,  A A  E ) < r ’ 
a n d  t a n  a r c t a n  v ( p ,  k A E )  < t a n  r ' = r  
a n d  s o  v ( | i ,  A A E )  < r .  ]
S i n c e  E e K => E e ^ n , m  ^̂ SiVe | X ^ ( E )  -  \g ^ ( E )  | < e 
f o r  n ,  m > q  a n d  E e K.
I t  w a s  g i v e n  t h a t  l i m  Xy,(2} = 0
v ( m , E )  -> 0
o r  g i v e n  e  >  0 6^  s u c h  t h a t  v ( | i , E )  <  6 ^  = $ >  I I <  s .
g i v e n  E > 0  ôg s u c h  t h a t  v ( | j . , E )  < 6 g  => I X g ^ ^ )   ̂ < G .
g i v e n  e  > 0  6^ s u c h  t h a t  v ( j i , E )  < 6 ^  => I X q ( ^ )  I < G .
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L e t  6 '  = m i n  ^  6^ ,  . . . ,  ’
I f  6 ’ > r  c h o o s e  6 < r  a n d  t h u s  6 < 6 '
I f  Ô' < r  c h o o s e  6 = 6 *
Now f o r  e v e r y  B e Z w i t h  v (m ,B) < ô we h a v e  | I ®
f o r  n  = 1 ,  2 ,  q .  We now c o n s i d e r  B) f o r  n  > q .
F i r s t  we n o t i c e  t h a t  v ( i a , B )  < Ô ==> A U B a n d  A-B a r e  b o t h  i n
K. F o r  we h a v e  v ( p ,  A ^  A U B)  = v ( q ,  A U ( A U B )  -  A fl(A UB ) )
= v ( q ,  AU B -  A)
= v (m ,B) < 6 < r ,  s o  t h a t  
A U B  e K ,  a n d  v ( u ,  A ^  ( A-B))  = v (m , A U ( A- B)  -  A fl ( A -B )  )
= v ( u ,  A -  ( A - B ) )
= v ( ^ ,  A n B)  < v ( n ,  B) <  6 < r ,
s o  t h a t  A-B e K.
T h u s  we h a v e  | ) \ ^ ( A  U B) -  X ^ (  A U B ) |  < e ,
a n d  I X ^ ( A - B )  -  X^^(A-B) < e ,  w h e n e v e r  n ,  m > q .
Now l f , n  > q  we h a v e
I X ^ ( B ) |  = I X q(B )  + f X ^ ( B )  -  X q ( B ) ] )
= I Xq ( B)  + -  X q ( A  UB)^  -  ^ X ^ ^ ( A - B ) - X q ( A - B ) ^
1  I X q ( B ) |  + I X n ( A U B )  -  Xq ( A UB) | + | \ ^ ( A - B ) - \ q ( A - B )
< 3 e .  F o r  a l l  n ,  | X ^ ( B ) |  < 3 e .
C o r o l l a r y  1 . 6 4  U n d e r  t h e  h y p o t h e s i s  o f  T h e o r e m  1 , 6 3  a n d  t h e
additional hypothesis v (|j , S) < od , the function X(E) = lim X^(S) 
is countably additive on Z. n
P r o o f ; -  T h e  f i n i t e  a d d i t i v i t y  o f  X  f o l l o w s  f r o m  t h a t  o f
X ^ ( A  uB)  = Xj^(A) + X ^ ( B )  f o r  A,  B i n  E a n d  Afl  B = (|), S i n c e
X ^ ( A )  - ^ X ( A ) ,  g i v e n  e > 0  t h e r e  e x i s t s  a n  i n t e g e r  N, s u c h  t h a t
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n > N]_ Implies | X^(A) - X(A) | < e/2 . \^(B) ^ X ( B )  or given
0 > 0 there exists an integer Ng such that n > implies
1 “ X(B)I < e/2. Let N = max (N^.Ng).
|( X^(A) + Xn(B)) - ( X(A) + X(B))| < I Xn(^) " A(A)|
+ I Xn(^) - X(B)| < e. 
Therefore X^(A UB) = \^(A) + \^(B) ^  X(A) + X(B)
But we know X ^ { A  UB) -> X(A U B) and thus X(A) + X(B) = X(A UB)
Now by induction we have the finite additivity of X  .
Next we want to show that X (E^) 0 for every decreas­
ing sequence (= Z with void intersection,
0 0  0 0  0 0
lim inf %% = mMl * = *m
00 00 00
l i m  s u p  =  m S l  =  *
Therefore converges to <)).
Therefore from theorem 1.6l ^  (())-> 0
and so v(u,E^) -> 0
and thus by theorem I .63 for every e > 0 there exists an
integer N^ with ( X^(E^)| < c for m > N^ and n = 1 , 2 , ... .
Hence | X(E^)I < e for m > N ^ .
Finally, we will show that X(n=l^n^ = n=l for
F^, Fj in E and F̂  ̂(1 F  ̂ == (j) for i ^ j.
00 m  00
X(„=^ F„) = XC(„yi F„)u F^)]
X(n=i ^ X (n=yi+l ^n^
m 00
nil X(Pn) + X(Em) ^m = n=t+l ^n ^hus
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
32
CD m
Therefore ^  F^) = lim /( S^)
m m
CD CD
= nSl X(F„) + O = X{P„).
a n d  t h u s  X I s  c o u n t a b l y  a d d i t i v e  o n  E .
Corollary 1,65 (Nikodyn) Let ^  be a sequence of countably
additive scalar functions on the o-field Z. If u(E) = lim u (E)
n
exists for each E in Z then n is countably additive on Z and 
the countable additivity of is uniform in n = 1 , 2 , . . .  .
i.e. if is a sequence (decreasing) in Z with void inter­
section then lim = 0 uniformly for n = 1 , 2 , ... .
m
Proof;- Since is finite is scalar valued) on Z the
total variation v ( m̂ , S )  is also finite. (Lemma 1.53)
v ( m„ , E )  \ m
L e t  X ^ ( E )  = a n d  A = ^ S i  ^  •
First, we want so show that X is countably additive on Z or
OD CO
A^k=l k=l ^(^k^ where Ê  ̂ e Z and E^'s are disjoint.
0 0  CD
E ) - S X n ( k ^ A >  _ “  " ( ^ n ' k ü A )  . _1_
A^kWl ^k) ~ nSl g n  “ n^l v(u^, S) ^n '
CD
^  k—l^^^n’^k^ 1= „Z, — -T----5T • — - since v is countably additive.II—X 2
n S l k S l  U ( u „ .  S)  g n '  = k S i  n S l  V ( j x  , S )
n
_ ®  ®  \ n ( ^ k )
“ k=ln^l gn
= J i  X<^ k >
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Therefore X  is countably additive on S.
Now we want to show that A  (E^) 0 where is a de­
creasing sequence in 2 with void intersection.
Let F. = E. - j then
~  ̂ CO 0 0  ,  00  .
> ( E ^ )  = A( l^m Pi)  = l im X ( F i ) =  iSm ^(^ 1 - ^ 1 +!)
= l l m  X(E,  ) -  X ( E .  _ ) ]
n -> QD
= lim ( >(E ) - X(E )). Thus 
n ^  OD
\ ( E  ) = A(E ) - l l m  X ( E  ) .
n -> OD
T h e r e f o r e  l i m  X (^n) = 0  o r  X  (E  ) -> 0 ,  
n  OD
Now t o  sh o w  n  i s  X  - c o n t i n u o u s  o r  l i m  yi (E )  = 0
v( X  ,E)->0""n
v ( / , E )  = sup A( Ej _ )  I where E^ 5  E
= X ( E )  s i n c e  X  i s  n o n - n e g a t i v e .
T h e r e f o r e  l i m  u (E )  = l i m  u ( E )
T ( X  , E ) - > 0 ^  X ( E ) ^ 0 ^
B u t  X ( E )  ->0 implies X ( E )  ->0 for every n; in other words, 
v ( m ^ , E )  
for every ,
T h e n  v ( m^ , E )  ->0 f o r  a l l  n ,  s o  t h a t  p ^ ( E ) ->0 ; i . e . ,
l i m  M„ ( E)  = 0 . 
v (  X,E)->0 ^
T h e o r e m  I . 6 3  t e l l s  u s  t h a t  l i m  p (E )  = 0  u n i f o r m l y  f o r
v ( X , E ) -»0
n  = 1 ,  2 ,  . . .  a n d  C o r o l l a r y  1 . 6 4  t e l l s  u s  t h a t  p ( E )  = l i m  u ( E )
n
i s  c o u n t a b l y  a d d i t i v e  o n  2 ,
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Chapter I I
I n  t h i s  c h a p t e r  i t  i s  o u r  o b j e c t i v e  t o  s h o w  t h a t  t h e  
c o n j u g a t e s  o f  s e v e r a l  B - s p a c e s  may b e  r e p r e s e n t e d  i n  t e r m s  
o f  s p a c e s  o f  s e t  f u n c t i o n s .
D e f i n i t i o n  2 . 1  A v e c t o r  s p a c e  X o v e r  t h e  r e a l s  o r  c o m p l e x  
n u m b e r s  i s  a  n o r m e d  l i n e a r  s p a c e  i f  f o r  e a c h  x  e X t h e r e  
c o r r e s p o n d s  a  r e a l  n u m b e r  | | x | | ,  c a l l e d  t h e  n o r m  o f  x ,  w h i c h  
s a t i s f i e s
( ! )  11%II > 0
( i i )  | |x | |  = 0  i f f  X = 0
( i i i )  jjaxjl = | a |  • | |x | |
( i v )  jjx + yj j  < 11%II + | |y | |
D e f i n i t i o n  2 . 2  A B a n a c h  s p a c e  o r  B - s p a c e  i s  a  n o r m e d  l i n e a r  
s p a c e  t h a t  i s  c o m p l e t e  i n  t h e  n o r m .
D e f i n i t i o n  2 . 3  L e t  2  b e  a  f i e l d  o f  s u b s e t s  o f  a  s e t  S ,  a n d  
l e t  X b e  t h e  B - s p a c e  o f  r e a l  o r  c o m p l e x  n u m b e r s .  T h e  s p a c e  
b a ( S . E )  o r  b a  i s  t h e  f a m i l y  o f  a l l  b o u n d e d  f i n i t e l y  a d d i t i v e
s e t  f u n c t i o n s  w i t h  d o m a i n  2 a n d  r a n g e  X.
T h e o r e m  2 . 4  b a ( S , 2 )  i s  a  B - s p a c e .
P r o o f ; -  I f  a n d  Pg  a r e  i n  b a ,  t h e n  p ^  + p ^  e b a  w h i l e
i f  p  e b a  a n d  a  i s  a  s c a l a r ,  t h e n  a p  e b a .  T h u s  b a  i s  a  v e c t o r
s p a c e .  I f  t h e  n o r m  o f  p i s  d e f i n e d  b y  t h e  e q u a t i o n
IIp II = s u p  I p ( E ) I t h e n  b a  i s  a  n o r m e d  l i n e a r  s p a c e .  To  sh o w
E c 2
b a  i s  c o m p l e t e  l e t  ^ p ^ ^  b e  a  C a u c h y  s e q u e n c e  I n  b a .  T h u s  
g i v e n  e > 0  t h e r e  e x i s t s  a n  i n t e g e r  s u c h  t h a t  f o r
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n ,  m >  Ng we h a v e  < g .  | |h ^  -  h ^ | (  < e i m p l i e s
s u p | p  ( E )  -  p  ( E ) I < G. T h u s  f o r  a n y  E gI: we h a v e
E gE ^  ^
| p ^ ( E )  -  p ^ ( E )  I < g / 2  f o r  m , n  > ^ o  i s  a
C a u c h y  s e q u e n c e  f o r  e a c h  E e E .  L e t  l i m  p  ( S )  = p ( E ) ,  Now
n  -> OD
we w a n t  t o  sh o w  t h a t  p  e b a ,  p  i s  b o u n d e d  a s  g i v e n  e = 1
t h e r e  e x i s t s  a n  i n t e g e r  N s u c h  t h a t  n  > N i m p l i e s
| p ^ ( E )  -  p ( E ) (  = 1 f o r  a l l  E gE.  | p ( E )  < | p ^ ( E ) |  + | p ^ ( E ) - p ( E ) |
f o r  a l l  E gE < M + 1 .  p i s  a d d i t i v e  a s
n  n  n
P( <Lk E. ) = l i m  p ( , U E ) = l i m  . E-, P _ ( E .  )
^ n  ^  OD ^  ^ n  ^  CJD ^  ^
n  n
= , E ,  l i m  P „ ( E ,  ) = . E , p ( E ,  ) .  T h e r e f o r e  p  e b a .
N e x t  we w i l l  s h o w  t h a t  p ^  -> p .
F o r  G > 0 c h o o s e  N s o  t h a t  |(p^ -  p ^ | |  < e / Z  f o r  m, n  > N.
L e t  n  > N, t h e n  f o r  E gE t h e r e  e x i s t s  Ng > N s u c h  t h a t
| p ^ ( E )  -  p ( E ) |  < e / 2  f o r  m > N g .
T h e r e f o r e  | p ^ ( E )  -  p ( E ) (  < | p ^ ( E )  -  p ^  ( E ) |  + | p ^  ( E )  -  p ( E ) |
E 'E
< e / 2  + e / 2 .
T h e r e f o r e  p ^  -> p  a n d  we h a v e  s h o w n  b a  t o  b e  c o m p l e t e .  
D e f i n i t i o n  2 , 5  L e t  X ,  Y b e  v e c t o r  s p a c e s  o v e r  a  f i e l d  F ,
A l i n e a r  t r a n s f o r m a t i o n  i s  a  f u n c t i o n  T :X  Y s u c h  t h a t  
T ( a x  + 0 y )  = a T ( x )  + 3 T ( y ) ,  a ,  g e F ,  x ,  y e X .
A l i n e a r  t r a n s f o r m a t i o n  T :X  F i s  c a l l e d  a  l i n e a r  
f u n c t i o n a l .
Lemma 2 , 6  C o n s i d e r  a  l i n e a r  t r a n s f o r m a t i o n  T :X  - ^ Y  w h e r e
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X, Y a r e  n o r m e d  l i n e a r  s p a c e s ,
a )  T i s  c o n t i n u o u s  e i t h e r  a t  e v e r y  p o i n t  o f  X o r  a t  n o  p o i n t  
o f  X .
b )  T i s  c o n t i n u o u s  o n  X i f f  t h e r e  e x i s t s  a  c o n s t a n t  M s u c h
t h a t  | | T ( x ) | |  < m | | x | |  f o r  e v e r y  x  i n  X.
P r o o f : -  L e t  x ^  a n d  x ^  b e  a n y  p o i n t s  o f  X a n d  s u p p o s e  T i s
c o n t i n u o u s  a t  x ^ .  T h e n  f o r  e > 0  t h e r e  e x i s t s  6 > 0  s u c h  
t h a t  | |x -  x^ l l  < Ô i m p l i e s  | | T ( x )  -  T ( x ^ ) | |  < e .  S u p p o s e  
l |x -  x^lJ  < Ô. T h e n  | | ( x  + x ^  -  x ^ )  -  x ^ | |< 6  a n d  s o
| | T ( x  + x ^ -  x ^ )  -  T ( x ^ )  II < e .  B u t  T ( x  + x ^  -  x ^ )  -  T ( x ^ )
= T ( x )  -  T ( x ^ ) a n d  s o  | |T ( x ) -  T( Xj ^) | |  < e .  T h e r e f o r e  T c o n ­
t i n u o u s  a t  x ^  i m p l i e s  T c o n t i n u o u s  a t  x ^  a n d  t h u s  a )  f o l l o w s .
I f  | |T ( x ) | |  < M||x || f o r  a l l  x  t h e n  T i s  c o n t i n u o u s  a t  0 ,  
C o n v e r s e l y ,  i f  T i s  c o n t i n u o u s  a t  0 ,  t h e r e  e x i s t s  Ô > 0  s u c h
t h a t  | | T ( x ) [ |  < 1 i f  | |x |l  < 0 .  I f  X /  0 ,  l e t  x ^  = -
s o  t h a t  Ijx^ll = a n d  | | T ( x ^ ) | |  < 1 .  B u t
= 2 q ]x f]— * I|t ( x ) | |  = — — , | |T(Xq ) | |  < | .  | |x ||
T h u s  | | t ( x )  II < m | | x | |  i f  X /  0  a n d  t h i s  i s  e v i d e n t l y  t r u e  w h e n  
X = 0  a s  w e l l .
Lemma 2 , 7  T ~^  e x i s t s  i f f  T ( x )  = 0 i m p l i e s  x  = 0  w h e r e  T i s
a  l i n e a r  t r a n s f o r m a t i o n .
P r o o f ; -  T ~ ^  e x i s t s  i f f  T ( x ^ )  = T ( X g ) i m p l i e s  x ^  = x ^ .
S u p p o s e  T ( x )  = 0  i m p l i e s  x  = 0  a n d  l e t  T ( x ^ ) = T ( X g ) ,
T h e n  T ( x ^ -  Xg) = 0 ,  w h e n c e  x ^ -  x ^  = 0 o r  x ^  = x ^ .  T h u s  T~^  
e x i s t s .  Now i f  T e x i s t s  a n d  x  i s  a  v e c t o r  f o r  w h i c h  T ( x )  = 0 
t h e n  T ( x  ) = T (O) a n d  s o  x  = 0 .
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Lemma 2 . 8  C o n s i d e r  a  l i n e a r  t r a n s f o r m a t i o n  T rX  - ^ ï  w h e r e
-1X^Y a r e  n o r m e d  l i n e a r  s p a c e s .  T h e n  T e x i s t s  a n d  i s  c o n t i n u o u s  
o n  i t s  d o m a i n  i f f  t h e r e  e x i s t s  a  c o n s t a n t  m > 0  s u c h  t h a t
m | |x | |  < 1|t ( x ) | |  f o r  e v e r y  x  c X.
P r o o f ; -  I f  m | |x | |  < } | T ( x )  || a n d  T ( x )  = 0  t h e n  x  = 0  a n d  
e x i s t s  b y  lem m a  2 . 7 . Now y  = T ( x )  i m p l i e s  x  = t "  ( y )  a n d  s o  
m | |x | |  < | | T ( x ) | |  i s  e q u i v a l e n t  t o  m||T“ ^ ( y ) | |  < | |y | |  o r
||T ^ ( y ) | |  < ^ ) |y II  f o r  a l l  y  i n  t h e  r a n g e  o f  T w h i c h  i s  t h e  d o m a i n
— 1 —1
o f  T ” . T h u s  T ” i s  c o n t i n u o u s  b y  lem m a  2 , 6 .
I f  T ~^  e x i s t s  a n d  i n  c o n t i n u o u s  t h e n  m | |x | |  < | |T ( x ) | |
f o l l o w s  f r o m  lem m a  2 . 6  a s  w e l l .
D e f i n i t i o n  2 . 9  Two n o r m s  a r e  e q u i v a l e n t  i f  t h e y  d e f i n e  t h e  
sa m e  f a m i l y  o f  o p e n  s e t s  o f  a  n o r m e d  l i n e a r  s p a c e .
T h e o r e m  2 . 1 0  L e t  X ,  b e  a  n o r m e d  l i n e a r  s p a c e  a n d  s u p p o s e  t w o  
n o r m s  | |x | | ^  a n d  Hxjlg a r e  d e f i n e d  o n  X ,  T h e s e  n o r m s  a r e  e q u i v a ­
l e n t  o n  X i f f  t h e r e  e x i s t  p o s i t i v e  c o n s t a n t s  m, M s u c h  t h a t  
( * )  m | |x | |^  < llxllg < m ||x | |^ f o r  e v e r y  x  i n  X .
P r o o f ; -  L e t  X^ b e  t h e  n o r m e d  l i n e a r  s p a c e  w h i c h  X b e c o m e s
w i t h  t h e  n o r m  | |x | | j^ , 1 = 1 ,  2 .  L e t  T ( x )  = x  a n d  c o n s i d e r  T
a s  a  l i n e a r  t r a n s f o r m a t i o n  w i t h  d o m a i n  X^ a n d  r a n g e  X g .  B u t
f r o m  l e m m a s  2 , 6  a n d  2 . 8  c o n d i t i o n  ( * )  i s  t h e  c o n d i t i o n  t h a t
-1 -1 T a n d  T a r e  c o n t i n u o u s .  T a n d  T a r e  c o n t i n u o u s  i f f  t h e
o p e n  s e t s  i n  X^ a r e  t h e  s a m e  a s  t h e  o p e n  s e t s  i n  X ^ .
In ba(S,2) we have, according to lemma 1.53*
s u p | p ( E ) |  < v ( m , S )  < 4  s u p  I p ( E ) I  , w h e r e  s u p j  p ( E ) |  i s  t h e  n o r m  
EeE  E e E  E cE
o f  p  i n  b a .  I t  c a n  e a s i l y  b e  s h o w n  t h a t  v ( p , S )  i s  a  n o r m  i n
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b a  a n d  t h e o r e m  2 . 1 0  t e l l s  u s  t h a t  v ( j a , S )  a n d  s u p | | i ( E ) j  a r e
E e l
e q u i v a l e n t .
D e f i n i t i o n  2 . 1 1  T h e  s p a c e  c a ( S . i : )  i s  t h e  f a m i l y  o f  a l l  c o u n t ­
a b l y  a d d i t i v e  s e t  f u n c t i o n s  i n  b a ( S , E ) .
c a ( S , E )  i s  a  l i n e a r  s u b s p a c e  i n  b a  a n d  i t  f o l l o w s  
i m m e d i a t e l y  f r o m  t h e o r e m  I . 6 5  t h a t  c a ( S , E )  i s  a  c l o s e d  l i n e a r  
s u b s p a c e  i n  b a  a n d  t h e r e f o r e  i s  a  B - s p a c e ,
D e f i n i t i o n  2 , 1 2  An a d d i t i v e  s e t  f u n c t i o n  p  d e f i n e d  o n  a  
f i e l d  E o f  s u b s e t s  o f  a  m e t r i c  s p a c e  S i s  s a i d  t o  b e  r e g u l a r  
i f  f o r  e a c h  E i n  E a n d  e > 0  t h e r e  i s  a  s e t  F  i n  E w h o s e  
c l o s u r e  i s  c o n t a i n e d  i n  E a n d  a  s e t  G i n  E w h o s e  I n t e r i o r  G° 
c o n t a i n s  E s u c h  t h a t  | p ( C ) |  < e f o r  e v e r y  C i n  E w i t h  5  G - F ,  
D e f i n i t i o n  2 , 1 3  I f  S i s  a  m e t r i c  s p a c e ,  r b a ( S . E ) i s  t h e  s e t  
o f  a l l  r e g u l a r  s e t  f u n c t i o n s  i n  b a ( S , E ) .
T h e o r e m  2 . 1 4  r b a ( S , E )  i s  a  B - s p a c e ,
P r o o f : -  a )  To sh o w  r b a ( S ,  2) i s  a  l i n e a r  s u b s p a c e  o f  b a ( S , E ) o
C o n s i d e r  a n d  p ^  i n  r b a ( 8 , E ) ,
P 2  r e g u l a r  i m p l i e s  t h a t  f o r  E eE  a n d  e > 0  t h e r e  e x i s t s  a  s e t
F ^ e E  s u c h  t h a t  F ^  c=E a n d  G ^eE  s u c h  t h a t  S c  G° a n d  
e
^ 2 ( ^ ) 1  ^  2 f o r  e v e r y  C c  G ^ - F ^ .  
p ^  r e g u l a r  i m p l i e s  t h a t  f o r  E eE  a n d  e > 0 t h e r e  e x i s t s  a  s e t  
F g e E  s u c h  t h a t  Fp  «^E a n d  G^ e E  s u c h  t h a t  E a n d  
| p ^ ( C )  < - |  f o r  e v e r y  C S  G p - F p .
L e t  P = F^  U F p  a n d  G = G^ HGp t h e n  G -F  Ç  g ^ - F ^ ^ G - F  S G p - F p ,  
a n d  F^  U Fp  = F ^  U F p ,  S u p p o s e  C 2  G -F  a n d  C sE t h e n
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I (Mg + U i ) (  c ) |  = l u g t c )  + C) |  < lUgfC)  I + | P i ( C ) l
< e / 2  + e / 2  = e . 
i s  r e g u l a r .
N e x t  c o n s i d e r  a n  w h e r e  n  e r b a ( S , E )  a n d  a  i s  a  s c a l a r ,
M r e g u l a r  i m p l i e s  t h a t  f o r  E eE  a n d  e > 0 t h e r e  e x i s t s  a  s e t  
FeE  s u c h  t h a t  F c  E a n d  a  s e t  GeE s u c h  t h a t  E<=G°  a n d  
||ji( ) < -|T ^  f o r  e v e r y  C ç  G - F .
T h e r e f o r e  | a , i i ( C ) |  = | a |  . | p (  G) | < | a |  = e
T h e r e f o r e  a p  i s  r e g u l a r  a n d  we h a v e  s h o w n  t h a t  r b a ( S , E )  i s
a  l i n e a r  s u b s p a c e  o f  b a ,
b )  To sh o w  r b a ( S j E )  i s  a  c l o s e d  l i n e a r  s u b s p a c e .
S u p p o s e  p  e b a  a n d  l e t  b e  a  s e q u e n c e  o f  e l e m e n t s
o f  r b a ( S , E )  c o n v e r g i n g  t o  p .  L e t  e > 0 a n d  E e E  b e  g i v e n ,  a n d  
f i x  n  s o  l a r g e  t h a t  e .  L e t  P , G e E  b e  s u c h  t h a t  F E ,
E Ç: G° a n d  | p ^ ( C ) l  < e f o r  e v e r y  O s E  w i t h  C E  G - F .  T h e n  
| p ( C )  < 2e a n d  s o  p e r b a ( 8 , E ) ,  T h e r e f o r e  r b a  i s  c l o s e d  i n  
b a  a n d  i s  t h u s  a  B - s p a c e ,
T h e  s e t  r c a ( S , E )  o f  a l l  r e g u l a r  c o u n t a b l y  a d d i t i v e  s e t  
f u n c t i o n s  i n  b a  i s  t h e  i n t e r s e c t i o n  o f  c a  a n d  r b a .  T h u s  r c a  
i s  a  c l o s e d  l i n e a r  s u b s p a c e  i n  b a  a n d  h e n c e  a  B - s p a c e ,  
D e f i n i t i o n  2 . 1 9  T h e  c o n . l u g a t e  s p a c e  X* o f  t h e  n o r m e d  l i n e a r  
s p a c e  X i s  t h e  s p a c e  o f  r e a l  o r  c o m p l e x  v a l u e d  c o n t i n u o u s  
l i n e a r  f u n c t i o n a l s  d e f i n e d  o n  X, T h e  n o r m  o f  x*eX * i s  d e ­
f i n e d  b y  | |x* | j  = s u p  | x * ( x ) | ,
I k l b i
D e f i n i t i o n  2.16 An Isomorphism between two normed l in e a r
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s p a c e s  X a n d  Y i s  a  o n e - t o - o n e  c o n t i n u o u s  l i n e a r  map T îX  
w i t h  T ( X )  = Y.
An i s o m e t r i c  i s o m o r p h i s m  b e t w e e n  X a n d  Y i s  a n  i s o m o r ­
p h i s m  T :X  Y s u c h  t h a t  f |T (x )  || = | | x | | .
D e f i n i t i o n  2 . 1 7  A u - s i m o l e  f u n c t i o n  i s  u - i n t e ^ r a b l e  i f  i t
d i f f e r s  b y  a  i ^ - n u l l  f u n c t i o n  f r o m  a  f u n c t i o n  o f  t h e  f o r m  
n
f  = ^ i  = f  ( x ^ ) ,  i  = 1 , n  a r e  d i s j o i n t
s e t s  i n  a  a - f i e l d  E i n  S w i t h  u n i o n  S a n d  w h e r e  = 0  i f
v ( | j , E ^ )  =  OD, F o r  E g E ,  t h e  i n t e g r a l  o v e r  E o f  a  p - i n t e g r a b l e
s i m p l e  f u n c t i o n  h  i s  d e f i n e d  b y  t h e  e q u a t i o n
n
/ g  h ( s ) M ( d s )  = / g  f ( s ) p ( d s )  = x ^ u ( E n s ^ ) .
A f u n c t i o n  f  o n  S t o  t h e  r e a l  o r  c o m p l e x  n u m b e r s  i s  u -  
i n t e g r a b l e  o n  S i f  t h e r e  i s  a  s e q u e n c e  ^ f ^ " ^  o f  u - i n t e g r a b l e  
s i m p l e  f u n c t i o n s  c o n v e r g i n g  t o  f  i n  p - m e a s u r e  o n  S a n d  s a t i s f y ­
i n g
l i m  / g  | f  ( s )  -  f  ( s ) |  v ( p , d s )  = 0 . 
m , n
F o r  E e E ,  t h e  i n t e g r a l  o v e r  E o f  a  p - i n t e g r a b l e  f u n c t i o n  
f  i s  d e f i n e d  by
/ g  f ( s ) p ( d s )  = l i m  / g  f ^ ( s ) p ( d s ) .
D e f i n i t i o n  2 . 1 8  B ( S . E)  i s .  t h e  n o r m e d  l i n e a r  s p a c e  o f  a l l  
u n i f o r m  l i m i t s  o f  f i n i t e  l i n e a r  c o m b i n a t i o n s  o f  c h a r a c t e r i s t i c  
f u n c t i o n s  o f  s e t s  i n  E a n d  t h e  n o r m  o f  f  e B ( S , E )  i s  d e f i n e d
by  | | f  II = s u p  I f  ( 8 ) I .
s g S
T h e o r e m  2 . 1 9  T h e r e  i s  a n  i s o m e t r i c  i s o m o r p h i s m  b e t w e e n
B * ( S , E )  a n d  b a ( S , E )  d e t e r m i n e d  b y  t h e  i d e n t i t y  x * ( f )  = / g f ( s ) p { d s )
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( * ) ,  w h e r e  t h e  n o r m  i n  b a ( S , S )  i s  d e f i n e d  b y  | |n | |  = v ( m , S ) .
P r o o f : -  F r o m  t h e  d e f i n i t i o n  o f  a  l a - i n t e g r a b l e  f u n c t i o n  we
s e e  t h a t  f o r  a n y  u e b a  we h a v e  e ( s , 2)  g  ( S , Z , u ) w h i c h  i s
t h e  s p a c e  o f  p - m e a s u r a b l e  s c a l a r  f u n c t i o n s  f  o n  S f o r  w h i c h
t h e  n o r m  [ | f) |  = / g |  f  ( s )  | u ( d s )  i s  f i n i t e .  A l s o  f o r  f e B ( 8 , E )
n  n
I g f ( s ) p ( d s ) | = |  M( s n  E j ^ ) | < ^ | ^ | x ^ | . | p ( s n E ^ ) l
< s u p l f ( s ) I , v ( u , s )
= I l f l M H I
T h u s  f o r  e a c h  p i n  b a ,  e q u a t i o n  ( * )  d e f i n e s  a  p o i n t  
X* i n  B * ( S , E )  w i t h  | (x* | |  < |)u| |  a s  | | x * | |  = s u p  | x * f |
Ilf 111!
a n d  | x * f |  < | | f | | .  IIm II.
To s e e  t h a t  | | x * | |  > | | p | | ,  l e t  e > 0 a n d  l e t  E ^ ,  E ^  b e  a
p a r t i t i o n  o f  S i n t o  d i s j o i n t  s e t s  i n  E s u c h  t h a t  
n
^ g ^ j p ( E ^ ) |  > ||m|| -  e .  T h e n ,  i f  we l e t  0 ^  s a t i s f y  0 < 0 ^  < 2 tt
a n d  e ^ ® _ . p ( E , ) |  f o r  j  = 1 ,  . . . ,  n  a n d  p u t  f ( s )  = e^® . f o r  s e E . ,
Ü J tj J
t h e n  | |fII = s u p | f ( s ) |  < 1 .  f  i s  a  f i n i t e  l i n e a r  c o m b i n a t i o n  o f  
s e S
c h a r a c t e r i s t i c  f u n c t i o n s ,  s o  f  e B ( S , E ) ,
A l s o  | |x * | |  = s u p | x * f | >  I x * f  I = /  f  ( s ) p ( d s )
| | f | I < l  ®
= q ( E j )  = I p ( S j )  I > IIm II -  e .
S i n c e  e i s  a r b i t r a r y ,  | |x* |)  > | | p | | .  To s h o w  t h a t  e v e r y  
x*e  B * ( S , E )  i s  g i v e n  b y  som e p e b a { S , E ) ,  we l e t  b e  t h e
c h a r a c t e r i s t i c  f u n c t i o n  o f  a  s e t  E e E ,  a n d  d e f i n e  p ( E )  = x * (  T ^ g ) .
p i s  a d d i t i v e  s i n c e  f o r  d i s j o i n t  s e t s  E ^ e E ,
i= V i
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1 =1  *^s
Also |m (5)I < ||x*|) since |i-i(E)( = v (m ,E) < v(^,S) = [(m H = ||x*||.
n
(*) holds for every function f=̂ 2̂̂  where e £
s i n c e  ^ * ( i S i  ^  i = l
n
= i§ X  ^ 8  X e  ( s ) h ( d s )  )
n
“  5_ § 1 i  * ^"E  ̂ ® ) d ( d s )  ,
S u c h  f u n c t i o n s  a r e  d e n s e  i n  B ( S , Z )  i f  f  e B ( S , E )  i s  t h e  
u n i f o r m  l i m i t  o f  a  s e q u e n c e  ^ f ^ ^  o f  a  f i n i t e  l i n e a r  com ­
b i n a t i o n  o f  c h a r a c t e r i s t i c  f u n c t i o n s .  B u t  f ^  f  w i t h  r e s p e c t  
t o  II. II i n  B ( S , E )  i f  f o r  a l l  e > 0 t h e r e  e x i s t s  N s u c h  t h a t  
n  > N i m p l i e s  |(f -  f ^ | |  < e a n d  f  i s  a  u n i f o r m  l i m i t  o f  - ^ f ^ ^  
i f  f o r  a l l  e > 0 t h e r e  e x i s t s  N s u c h  t h a t  n  > N i m p l i e s  
| f ^ ( s )  -  f ( s ) |  < e f o r  a l l  s  e S .  T h e s e  b e i n g  t h e  sam e  we 
h a v e  t h e  f u n c t i o n s  o f  t h e  t y p e  f  = d e n s e  i n  B ( S E ) .
We know  t h e  l e f t  s i d e  o f  ( * )  i s  c o n t i n u o u s  a n d  t h e  r i g h t  s i d e
i s  c o n t i n u o u s  s i n c e  i f  j | f  -  f ' | |  = s u p j f ( s )  -  f ' ( s ) |  < —
s e S
t h e n  I / g f ( s ) p ( d s )  -  / g f  • ( s ) p ( d s )  | < / g |  f  ( s )  -  f ' ( s ) | v ( p , d s )
G
- *̂ S v (m ,S) ^
We saw above that (*) holds for f when f = JCg •
Suppose f^ -a> f where f^ is a finite linear combination of 
characteristic functions.
x*(f^) = /g f^(s)p(ds) for each f^.
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s in c e  i s  con tinuous,
( / q fy (̂8 -»"/g f ( s ) u ( d s )  because o f  C ontinu ity ,  
.*, X*f * / g  f (e)M(ds)  as two id e n t ic a l  sequences have a 
unique l i m i t .
Thus (*) h o ld s  fo r  a l l  f  e B(S,L) ,  S ince  the l in e a r i t y  o f  
the correspondence between x* and m i s  c le a r  the  theorem i s  
proved.
C orollary 2.20 i f  i s  the  space o f  a l l  bounded sequences
o f  s c a la r s  w ith  the norm o f  x = { ° ^ n \ ® ôd by
||x|| = sup |a^ | , S i s  the s e t  o f  In teg ers  and E i s  the fam ily  
n
of a l l  su b sets  o f  the In teg ers  then i s  i s o m e tr ic a l ly  
isomorphic to  ba(S,E) ,
P roof»- I f  -  B(S,E) then the theorem i s  proved. Let
f  € B(S,Z) ,  then f  = llm  f  where f  i s  a f i n i t e  l in e a r  com-
n OD " "
n
b in a tio n  o f  c h a r a c t e r i s t i c  fu n c t io n s ,  i . e .  f^ = ^2  ̂ ^ i
1
where i s  a s c a la r  and a s e t  o f  in te g e r s .  But
I
i s  a sequence o f  zeros and * s and so f^ i s  a bounded s e ­
quence, Thus lim  f -  = f  e
Let f  e , then f  « a^, . . ^ . The range o f  f  i s
a bounded subset o f  r e a ls  and thus there  e x i s t s  a f i n i t e  j  -
O l , j *  ^2, j* *'•* ^n, j ]  Ù = 1 ,  2,
Let El j = {k11 < ] , ]
% 3  '  <  1 .  k / E i _ j ]
® n , 3  =  { > ' 1 1  “ k  -  B n . j l  < ] >  k /
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n
Now j  = t h e  s e t  o f  i n t e g e r s  a n d  ^  i f  i  k .
n  1
L e t  f  j  = j  K e  * I f  (m) -  f  j  (m) I < j  f o r  a l l
i n t e g e r s  m. T h e r e f o r e ,  f o r  e > 0 t h e r e  e x i s t s  a n  I n t e g e r  N
s u c h  t h a t  f o r  J > N, j  < e a n d  | f ( m ) -  f ^ ( m )  < e f o r  a l l  m.
T h u s  f  G B ( S , Z )  a n d  = B ( S , E ) .
T h e o r e m  2 . 2 1  L e t  C( S )  b e  t h e  n o r m e d  l i n e a r  s p a c e  o f  a l l
b o u n d e d  c o n t i n u o u s  r e a l  o r  c o m p l e x  v a l u e d  f u n c t i o n s  d e f i n e d
o n  a  m e t r i c  s p a c e  S w h e r e  t h e  n o r m  o f  f  e C ( S )  i s  | | f  | | = s u p |  f  ( s )  ( .
s e S
I f  f  e C ( S )  a n d  p e r b a ( S ) , w h e r e  p  i s  d e f i n e d  o n  t h e  f i e l d  
g e n e r a t e d  b y  t h e  c l o s e d  s e t s  o f  S ,  t h e n  f  i s  i n t e g r a b l e  w i t h  
r e s p e c t  t o  p .
P r o o f ; -  C o v e r  f ( S )  w i t h  o p e n  s e t s  G , , . . . ,  G w i t h  d i a m e t e r s
 ̂ ^  j - 1
l e s s  t h a n  a  g i v e n  e > 0 ,  L e t  = G ^ ,  = G^ -  G^^,
j  = 2 ,  . . . ,  n  a n d  i f  Aj  i s  n o t  e m p t y ,  c h o o s e  a  p o i n t  a ^ e A j .
I f  A.  i s  e m p t y ,  l e t  a .  = 0 ,  S i n c e  G . i s  o p e n ,  t h e  s e t
-1 - 1   ̂ - 1  ^
B .  = f  ( A . )  = f  ( G . )  -  f  ( , J J t G.  ) i s  i n  t h e  d o m a i n  o f  p .
J J  ̂ n
T h e n  t h e  f u n c t i o n  f ^  = a ^ i s  a  p - s i m p l e  f u n c t i o n
w i t h  s u p | f ^ ( s )  -  f ( s ) |  < G. T he  f u n c t i o n  f  i s  t h u s  t h e  u n i ­
f o r m  l i m i t  o f  p - s i m p l e  f u n c t i o n s  a n d  s i n c e  v ( p , S )  < od, f  I s 
p - i n t e g r a b l e .
D e f i n i t i o n  2 , 2 2  L e t  ^  b e  a  v e c t o r  v a l u e d  o r  e x t e n d e d  r e a l
v a l u e d  s e t  f u n c t i o n  d e f i n e d  o n  a  f i e l d  Z o f  s e t s  i n  S a n d
s u p p o s e  X ( 0 )  = 0 ,  A s e t  E i s  c a l l e d  a  X - s e t  i f  E e E a n d  i f
X( M)  = X(M n E)  + X(M n E ' ) f o r  a l l  M e Z.
Lemma 2 . 2 3  L e t  X  b e  a n y  v e c t o r  v a l u e d  o r  e x t e n d e d  r e a l  v a l u e d
s e t  f u n c t i o n  d e f i n e d  o n  a  f i e l d  Z o f  s e t s  i n  S w i t h  X ( 0 )  -  O.
T h e  f a m i l y  o f  X - s e t s  i s  a  s u b f i e l d  o f  Z u p o n  w h i c h  X i s
n  ,  ^
a d d i t i v e .  F u r t h e r m o r e ,  i f  E = w h e r e  I s  a
f i n i t e  s e q u e n c e  o f  d i s j o i n t  X - s e t s ,  t h e n
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\ ( M  n E) = z \(M n E^) for ail MeE.
Proof : - From the definition of X -set it is clear that (|), S
and the complement of any X  -set are \ -sets. Now we want to
show that if A and B are X-sets then A HE is a X -set. Let 
MeE. Since A is a X -set.,
(i) X  (M n B) = X(M n B n A) + X(M n B n A' ) and since B is a X  -set
(ii) A(M) = X(M n B) + X ( M n B ’) and
X(Mn (An B) ') = X ( M n ( A n B ) ' n  B) + X(Mn (A nB) ' n B').
Since (A flB) ' = A ’ DB* we have
(iii) X(M n(A OB)') = X(Mn (A’ U B M  nB) + X(M n(A'UB')n B ’)
= X(M n[(A' n B)u (B'HB)]) + X { M n [ ( A ' n B ’) U ( B ' n B ’)])
= X (M n A' n B) + X (M n B ’ ).
From (i) and (ii) it follows that
X(M) = X(M n B n A) + X(M n B n A' ) + X (Mn s')
and from (iii)
X(M) = X(M n B n A) + X ( M n  (AHB)'). Thus A OB is a
\  k  k  \A -set. Since (^U, A^ ) = (^IkAj!) ' we conclude that the \  -ii—j_ n  ii—J- n
sets form a field. Now if and Eg are disjoint X-sets, it 
follows by replacing M by M n (E^ U Eg) and E by Ê  ̂ in definition 
2 .2 2  that A(M n (E^ U Eg) ) = X(M H E^) + \ { n  • The con­
clusion of the lemma follows from this by induction.
Definition 2.24 A B-space is a normal space if
a) Sets consisting of single points are closed,
b) For every pair of disjoint closed sets A and B, 
there are disjoint open sets X and Y such that A<= X and 
B c z j .
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T h e o r e m  2 . 2 9  I f  S i s  a  n o r m a l  m e t r i c  s p a c e ,  t h e r e  i s  a n  
i s o m e t r i c  i s o m o r p h i s m  b e t w e e n  C * { S )  a n d  r b a ( S ) ,  w i t h  t h e  t o t a l  
v a r i a t i o n  n o r m  f o r  r b a ( S ) ,  s u c h  t h a t  c o r r e s p o n d i n g  e l e m e n t s  x *  
a n d  u  s a t i s f y  t h e  i d e n t i t y  
( * )  X * ( f )  = / g f ( s ) u ( d s ) , f  e C { S ) .
P r o o f : -  S i n c e  t h e  i n t e g r a l  / g f ( s ) i a ( d s )  s a t i s f i e s  t h e  i n ­
e q u a l i t y
I /„f(s)p(ds)| < sup| f ( s)|.v (m ,S) , the integral is
seS
a bounded and therefore continuous linear functional on C(S). 
Thus every m e rba(S) determines a functional x*e C*(S) by 
the formula (*).
Also ||x*|| < Hull since |(x*|| = sup |x*(f)| and |x*f| < ||f ||. ||p||.
To show that ||x*|| = (|m ||, let e > 0 and let E^, be
disjoint sets in the domain of \i such that 
n
> Hull - e = v(u,S) - e. Let be a closed subset
of such that v(u, ^ and let ^
family of disjoint open sets containing the disjoint closed
sets C^, C^. Since u is regular we may assume that
v(u,G^-G^) < By Urysohn's Theorem [4] there exists a set
/fl* f^^ of continuous functions with 0 £ f^(s) < 1
and such that f^(s)= 0 if s/G^ anf f^(s) = 1 if seC^. We can
use Urysohn’s Theorem since and S-G^ are closed disjoint
sets in 8. Let a, , . .,, a be complex constants of modulus
^ n
one such that a^u(E^) = |u(E^)| and put f^ = Then
“ 11̂ II I = I /g f^( s)u(ds) - Hull I
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=  / g f j ^ ( s ) | j ( d s )  -  H u l l  I
= l l i l  [ f c ^  f i ( s ) u ( d s )  + / g ^ . ç , l . n ( d s )  + / g ^ _ ^ f ^ ( s ) u ( d s )
= l l S l “ lC / E ^ i ^ t d s )  + / g ^ . ( , ^ f ^ ( s ) u ( d s )  - / g ^ _ j , ^ M ( d s )
+  ̂ 11^II'
= l l i x  “ iU(E^)  -  IImII + a^[  / g ^ _ ( , ^ f ^ ( s ) u { d s )
+ / q _p  f .  C s ) i J ( d s )  ] I 
i  i
-  11 = 1  ) “ 11*̂ 11 ■'■ 1^ 1 1 I  I / Ej^-C^^l^ s ) u (  d s )  - / g ^ _ ^ ^ u ( d s )
= e + ( s ) n ( d s  ) l< e + j^gj^lu(Gj^-Cj^) |
5  Ê + = 2 e ,  T h u s  | | x * | |  =^^sup | x * f |  = | | u | | .
Now we w a n t  t o  sh o w  t h a t  e v e r y  c o n t i n u o u s  f u n c t i o n  x *  o n  C ( S )
c a n  b e  r e p r e s e n t e d  i n  t h e  f o r m  ( * ) ,  w h e r e  u e r b a ( S ) »  By
t h e  H a h n - B a n a c h  T h e o r e m  [ 2 ] x *  c a n  b e  e x t e n d e d  t o  a  c o n t i n u o u s
f u n c t i o n a l  y *  o n  B ( S ) ,  t h e  s e t  o f  b o u n d e d  s c a l a r  f u n c t i o n s  o n
S a n d  w h e r e  | | f | |  = s u p ( f ( s ) | ,  a s  G (S )  c r B ( S ) ,  By T h e o r e m  2 . 1 9
s
w h e r e  E i s  t h e  f a m i l y  o f  a l l  s u b s e t s  o f  S we s e e  t h a t  t h e r e  
e x i s t s  a n  e l e m e n t  b a ( S )  s u c h  t h a t  y * f  = / g f ( s )  ^ ( d s )  f o r  
f  e B ( S ) .  By t h e  J o r d a n  d e c o m p o s i t i o n  t h e o r e m
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X = - ^2 + where > 0 , i = 1, 2, 3, 4
and so It is enough to consider the case where non­
negative and to find a i_i e rba(S) such that 
/gf(s)u(ds) = /gf(s) X(ds) for every f e C ( S ) .
L e t  F r e p r e s e n t  t h e  g e n e r a l  c l o s e d  s u b s e t ,  G t h e  g e n e r a l  o p e n  
s u b s e t  a n d  E t h e  g e n e r a l  s u b s e t  o f  s .  D e f i n e  s e t  f u n c t i o n s
p ,  a n d  p p  b y  p . ( F )  = i n f  X ( G )  a n d  P p ( E )  = s u p  p . ( P ) .
^  ̂ G 5 > F  F c E
p^  a n d  Pg  a r e  n o n - n e g a t i v e  s i n c e  X > 0 a n d  i t  i s  c l e a r  t h a t  
t h e y  a r e  n o n - d e c r e a s i n g .  L e t  G^ b e  o p e n  a n d  F ^  b e  c l o s e d .
T h e n  i f  G F ^  -  G ^ ,  i t  f o l l o w s  t h a t  G^ U G ^  F^  a n d
UG) < )\(G]^) +  X ( G )  s o  t h a t  p ^ ( F ^ )  < ) < ( G^  UG) f r o m
d e f i n i t i o n  o f  p ^ ( F ^ ) .  T h u s  p ^ ( F ^ )  < X ( G ^ )  +  X ( G ) .  S i n c e  
G i s  a n  a r b i t r a r y  o p e n  s e t  c o n t a i n i n g  F ^  -  G^  we h a v e
Mi (Fi ) < \(G^) + = inf X(G)).
G ^ i ' i - G i
I f  F i s  a  c l o s e d  s e t  i t  f o l l o w s ,  b y  a l l o w i n g  G^ t o  r a n g e  o v e r  
a l l  o p e n  s e t s  c o n t a i n i n g  PH F ^ ,  t h a t  M^ ( F ^ )  < p ^ ( F f l F ^ )  + P g ( F ^ - F )  
a s  p .  ( Ffl Pn ) = i n f  X ( G ,  ) a n d  P p ( F , - F )  = s u p  p ,  ( F - . - G - , ) .
G ^^F  n F^  ^ l " ^ l - ^ l " ^
I f  E i s  a n  a r b i t r a r y  s u b s e t  o f  S a n d  F ^  r a n g e s  o v e r  t h e  c l o s e d  
s u b s e t s  o f  E i t  f o l l o w s  t h a t
dgCE) 5 P 2 ( E n  F )  + P g C E - F )  as P g ( E n  F)  = sup P ^ ( P H  F^ )  ,
F n F^ c  E n p
P2(E-F) > ppCF^-F) and P2(E) = sup p^(F^)
P i  S : E
Next for an arbitrary set E in S and an arbitrary closed set 
F in S we have pg(E) > Pg(E n F) + PpCE-F), To see this let
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a n d  b e  d i s j o i n t  c l o s e d  s e t s .  S i n c e  S i s  n o r m a l  t h e r e  
e x i s t  d i s j o i n t  n e i g h b o r h o o d s  a n d  G^ o f  a n d  Fg r e s p e c t i v e l y ,  
I f  G i s  a n  a r b i t r a r y  n e i g h b o r h o o d  o f  F ^  U Fg t h e n  
^  ( G ) ^  ^  ( G n G2̂  ) + ^  ( G n G2 ) s o  t h a t
n ,  ( F .  UF p )  = i n f  X ( G )  > i n f  X (GH G,  ) + i n f  X ( G H G ^ )
X X ^ G 2  F^UFg G H G ^ ^ F ^  ^ G n Gg ^  Fg
= + ^ ^ ( F g ) .
Now l e t  E a n d  F  b e  s e t s  i n  S w i t h  F c l o s e d  a n d  l e t  r a n g e
o v e r  t h e  c l o s e d  s u b s e t s  o f  E 11 F w h i l e  F g r a n g e s  o v e r  t h e  c l o s e d
s u b s e t s  o f  E - F .  T h e  p r e c e d i n g  i n e q u a l i t y  t h e n  p r o v e s
d o ( E )  > | i p ( E n  F)  + P p ( E - F )  a s  Up ( E )  = s u p  p . ( F .  U F - ) ,
F^UFg Ç E
H p ( E n F )  = s u p  p .  ( p .  ) a n d  p _ (  E - F )  = s u p  p .  ( F ^ )  .
F ^  c  E n F Fg 5  E - F  ^
T h e r e f o r e  we h a v e  p ^ t S )  = PgCE D F)  + P g ( E O F ' ) ,  E ç  S ,  F
c l o s e d ,  p g  i s  d e f i n e d  o n  t h e  f i e l d  o f  a l l  s u b s e t s  o f  S a n d
i t  f o l l o w s  t h a t  e v e r y  c l o s e d  s e t  F i s  a  p ^ - s e t . I f  p i s  t h e
r e s t r i c t i o n  o f  p g  t o  t h e  f i e l d  d e t e r m i n e d  b y  t h e  c l o s e d  s e t s
i t  f o l l o w s  f r o m  lem m a  2 . 2 3  t h a t  p i s  a d d i t i v e  o n  t h i s  f i e l d .
I t  f o l l o w s  f r o m  t h e  d e f i n i t i o n s  o f  p ^  a n d  Pg t h a t
P , ( F )  = p p ( F )  = p ( F )  i f  F i s  c l o s e d  a n d  s o  p ( E )  = s u p  p ( F ) .
±  ̂ p  c  E
T h u s  p i s  r e g u l a r .  A b o u n d e d  i m p l i e s  p ( S )  < ao a n d  s o  we h a v e
p e r b a ( s ) .  Now we w a n t  t o  sh o w  t h a t
/ g f  ( 8) ^ ( d s )  = / g f ( s ) p ( d s ) ,  f  e C { S ) .
I t  s u f f i c e s  t o  p r o v e  t h i s  f o r  r e a l  f  a n d  s i n c e  a  r e a l  f u n c t i o n
i n  C( S )  i s  t h e  d i f f e r e n c e  o f  t w o  n o n - n e g a t i v e  f u n c t i o n s  i n  C ( S ) ,
i t  w i l l  s u f f i c e  t o  p r o v e  t h i s  f o r  n o n - n e g a t i v e  f .  A l s o ,  s i n c e
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e v e r y  f  e C ( S )  i s  b o u n d e d  we may r e s t r i c t  t h e  p r o o f  t o  t h e
c a s e  w h e r e  0  < f ( s )  < 1 .
S u p p o s e  f  i s  c o n t i n u o u s  o n  3 a n d  0 < f ( s )  < 1 ,  F o r  e > 0 ,
l e t  . . . »  b e  a  p a r t i t i o n i n g  o f  S i n t o  d i s j o i n t  s e t s  i n
t h e  d o m a i n  o f  p s u c h  t h a t  
n
a ^  p ( E ^ )  + e > / g f ( s ) p ( d s ) ,  w h e r e  = i n f  f ( s ) .
s c E ^
S i n c e  p i s  r e g u l a r ,  t h e r e  a r e  c l o s e d  s e t s  g  s u c h t h a t
n
ĵ Ŝ â  p(Fĵ ) + 2 e > /gf(s}p(ds) since for
< m (F^) + we have
n
Cm (F^) + + e > /gf(s)p(ds)
n
or aĵ p(F̂ ) + 2 e > /^f ( s) p(ds) .
From the normality of S and continuity of f there are disjoint 
open sets G^, . . . , G^ with G^ ̂2. F ,̂ i = 1, . . ., n and such that
' ' i  = -  " I  -  '
n
and hence bĵ p(Ĝ ) + 3 e > /gf(s)p(ds)
a s  a^n(Pj^) + 2 e < + 2 e
= b ^ ^ ( G ^ )  + ^  ^x(G, )  + 2 s
-  i § i  V < ° i >  + " • T c ^ t H  + 2 "
n
= i i l  b ^ p ( G ^ )  + 3 € .
F o r  a  c l o s e d  s e t  F we h a v e  p ^ ( F )  = P g t F )  = p ( F )  a n d  i f
t h e  o p e n  s e t  G c o n t a i n s  F t h e n  p ( F )  < X ( G )  s i n c e  p ( F )  = i n f  A { G ) .
G =5 F
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T h u s ,  s i n c e  t_i i s  r e g u l a r  u ( G)  = s u p  ( P )  < X(G)  f o r  G o p e n .
P 2  G 
n  n
We t h e r e f o r e  h a v e  )i{G^ ) < / g f ( s )  A ( d s )
a n d  s o  / g f ( s )  ^  / g f ( s ) u ( d s )  ( i ) ^ u ( S )  = X{ S )  a n d  i t
f o l l o w s  f r o m  ( i ) t h a t
/ g ( l  -  f ( s ) )  ( d s )  < / g ( l  -  f ( s ) i i ( d s ) .
B u t  s i n c e  0  < 1 -  f ( s )  < 1  t h e  f u n c t i o n  f  may b e  r e p l a c e d  b y  
1 - f  i n  ( i )  a n d  t h i s  w i t h  t h e  p r e c e e d i n g  i n e q u a l i t y  s h o w s  t h a t
/ g ( l  -  f { S ) )  ( d s )  = / g ( l  -  f ( 8 )  ) ^ ( d s )
a n d  t h u s  / g f  ( s )  \  ( d s )  = / g f ( s ) u ( d s ) .
D e f i n i t i o n  2 . 2 6  An o u t e r  m e a s u r e  i n  S i s  a  n o n - n e g a t i v e  e x ­
t e n d e d  r e a l  v a l u e d  s e t  f u n c t i o n  X  d e f i n e d  o n  a  a - f i e l d  Z o f  
s e t s  i n  S a n d  s a t i s f y i n g
( i )  X ( ^ )  = 0
( I I )  X ( A )  < X ( B ) ,  A E  B,  A,  B e Z.
( I I I )  X ( n = l ^ n )  -  n § l ^ ( ^ n )  * i ^ n j  S  Z .  ( S u b a d d i t i v e  p r o p e r t y )
T h e o r e m  2 . 2 7  I f  X  1® o u t e r  m e a s u r e  t h e n  t h e  f a m i l y  o f  
X - s e t s  i s  a  a - f i e l d  u p o n  w h i c h  X  i s  c o u n t a b l y  a d d i t i v e .
P r o o f Î -  T h e  X  - s e t s  f o r m  a  f i e l d .  (Lemma 2 , 2 3 )  T o  s e e  t h a t  
t h e y  f o r m  a  o - f i e l d  we w i l l  sh o w  t h a t  E = ^  A - s e t
w hen  i s  a  s e q u e n c e  o f  d i s j o i n t  X - s e t s .  I t  f o l l o w s
f r o m  lem m a 2 . 2 3  t h a t ,  f o r  M e Z,
X ( M )  =  X ( M  n ( ^ M i E ^ ) )  +  A  ( M n ( ^ U ^ E ^ ) • )
= J i  X ( M n E ^ )  + X ( M n  ( J i E ^ ) ’ )
>  A ( W n E ^ )  +  X ( M  D S ' ) .
ReprocJucecJ with permission of the copyright owner. Further reproctuction prohibitect without permission.
52
A l s o  ^ (M n E )  + A ( M n E ’ ) > ^ ( M )  { s u b a d d i t i v i t y ) F o r  a i lV k
e > 0 t h e r e  e x i s t s  k  s u c h  t h a t  ^ ( M )  > n S ^ )  + A(M n S ' )
QO
>  ^ ( M n  E ^ )  +  X ( M  r i E ’ ) - €
> X ( M f l  E)  + X (M n E ' ) .
( s u b a d d i t i v i t y )
T h u s  E i s  a  X  - s e t  a n d  now  b y  r e p l a c i n g  M b y  M fl E we h a v e
X (M n E) = n ^ i  n s n  E ^ )  + X (M n E H E '  )
00
=  n ^ i X ( M n E ^ ) .
T h e o r e m  2 . 2 8  L e t  p  b e  a  n o n - n e g a t i v e ,  c o u n t a b l y  a d d i t i v e  e x ­
t e n d e d  r e a l  v a l u e d  s e t  f u n c t i o n  d e f i n e d  o n  a  f i e l d  Z o f  s e t s
^  00
i n  S .  F o r  e a c h  A ç  s  l e t  p ( A )  = i n f  u ( E _ ) , w h e r e  t h e  i n -
i l — X  i l
f imum i s  t a k e n  o v e r  a l l  s e q u e n c e s  o f  s e t s  i n  Z w h o s e
u n i o n  c o n t a i n s  A. T h e n  i s  a n  o u t e r  m e a s u r e  a n d  e v e r y  s e t
i n  Z i s  a  p - s e t . F u r t h e r m o r e ,  u ( E )  = i a(E)  f o r  E i n  Z .
P r o o f ; -  ( i )  h(( |)) == 0 i s  e v i d e n t .
( i i )  f i ( A)  5  0 ( B ) ,  i f  A c  B, A,  B e Z,  i s  e v i d e n t
s i n c e  p ( A )  < m{ B ) .
oo
To show  t h e  s u b a d d i t i v e  p r o p e r t y  l e t  E = _̂LL E^ w h e r e
i l — -L i l
{ e ^ ^  i s  a n  a r b i t r a r y  s e q u e n c e  i n  S ,  A l s o  l e t  g > 0  a n d  f o r  
e a c h  n  = 1 ,  2 ,  . . .  l e t  t h e  s e q u e n c e  ^ E _  h a v e  t h e  p r o p e r t i e s
m   ̂ i l  j
CD 00
E m ,n^  m : l ^ ^ ( E m ,n )  ^  '
CD
T h e n  U_. E_ ^  => E a n d  t h u s  m , n —1 m , n  —
/\ 00 00
h ( E )  = i n f  w h e r e  e Z a n d  n^]^F^ =)E
00 00
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S i n c e  e > 0  i s  a r b i t r a r y ,  we s e e  t h a t  ia i s  s u b a d d i t i v e .  T h u s  
f l  i s  a n  o u t e r  m e a s u r e  d e f i n e d  o n  t h e  a - f i e l d  o f  a l l  s u b s e t s  o f
S .
NOW l e t  E e Z .  S i n c e  E Ç E ,  m( E)  > f i ( E ) .  I f
00
E^e Z,  n  = 1 ,  2 ,  a n d  E g  E^ t h e n  t h e  s e t s
An  = ®n ri , n  > 1 a r e  d i s j o i n t  s e t s  i n  E w i t h
00 00 
n ^ l ^ n  = n ^ l ® n -
00 00 
h ( E )  = h ( E  n ( ^ l i ^  A ^ ) )  = b(^U ]_(E  P A ^ ) )
00 00 00 
= n S i  h ( A ^ )  < , w h i c h  s h o w s
t h a t  ^ ( E )  < u ( E ) .  T h u s  u ( E )  = m ( E)  i f  E i s  i n  E.
F i n a l l y ,  t o  sh o w  t h a t  e v e r y  s e t  E e E i s  a  l a - s e t ,  l e t  M
b e  a n  a r b i t r a r y  s u b s e t  o f  S .  S i n c e  f i  i s  a n  o u t e r  m e a s u r e ,
m(M n E ) + fi(M HE* )  > 1a(M) . Now we w a n t  t o  show  t h a t
d(M)  > 1a(M n E ) + M ( M f l E * ) ,  F o r  e > 0 t h e r e  a r e  s e t s
E ^ e  E, n  = 1 ,  2 ,  . . .  w i t h
00 ^
^  -  Ü ®n ( E ^ ) < m(M)  + e .  Now s i n c e
M n E Ç U (E  n E ^)  a n d  M A E '  s  U ( E ’ P E^ )  ,
00 00 
e + h(M)  > ^ S i h ( E ^ )  = I J ( E ^ P E )  + | a (E ^  P E ' )
> m{M P E )  + |a(M P E ’ ) .
S i n c e  e i s  a r b i t r a r y ,  1a(M) > f i { M P E )  + “mCM P E ' )  
a n d  t h u s  [a(M) = 1a(M P E) + fi(M P E ’ ) .
D e f i n i t i o n  2 . 2 9  A m e t r i c  s p a c e  X i s  c o m p a c t  i f f  e v e r y  o p e n  
c o v e r  h a s  a  f i n i t e  s u b c o v e r .
T h e o re m  2 . 1 0  L e t  p b e  a  b o u n d e d  r e g u l a r  c o m p l e x  v a l u e d
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a d d i t i v e  s e t  f u n c t i o n  d e f i n e d  o n  a  f i e l d  Z o f  s u b s e t s  o f  a  
c o m p a c t  m e t r i c  s p a c e  S . T h e n  p i s  c o u n t a b l y  a d d i t i v e  «
P r o o f ; -  L e t  e > 0  a n d  b e  a  d i s j o i n t  s e q u e n c e  o f  s e t s
i n  E w i t h  u n i o n  E i n  E .  T h e r e  e x i s t s  a  s e t  P e E s u c h  t h a t
p  c  E a n d  s u c h  t h a t  v ( p , E - P )  < e .  ( v ( p )  i s  r e g u l a r )
A l s o  t h e r e  e x i s t s  e E s u c h  t h a t  E^<= G° o f  G ^ ,  a n d  s u c h  t h a t
00 _ m
S i n c e  2  F t h e r e  i s  a n  i n t e g e r  i n  s u c h  t h a t  ^U^G^ 2  P
by  c o m p a c t n e s s .
00 00 00 
Hence ^  = e.
00 00 00 
n = l ^ ( ^ * ^ n )  -  n - l ' ^ ^ ^ ’ ^ n ^  " ^ -  ^ E ^ v ( p . G ^ )  -  e .
> v ( m , P )  -  e > v ( p , E )  -  2 e .
00
T h u s  ^ § ^ v ( p , E ^ )  > v ( m , E ) «
00 n  n
S i n c e  v ( p , S )  = v ( p ,  > v ( p ,  ^ U^E^^) = ^ g ^ v ( p , E ^ )  ,
00
n  = 1 ,  2 ,  i t  i s  s e e n  t h a t  v ( p , E )  > ^^g^v( p ,E ^  ) a n d
CD
v ( p , E )  = ^ S ^ v ( p , E ^ )  o r  v ( p )  i s  c o u n t a b l y  a d d i t i v e .
S i n c e  p i s  b o u n d e d ,  v ( p , E )  < od b y  lem m a  1 . 5 3 .
00 00 oo
T h u s  j^£^v(p ,E j^ )  < OD a n d  v ( p ,  = j ^ E ^ v (p ,  E^^) w h o s e  l i m i t
i s  z e r o  a s  n  -> OD .
n - 1  00 00
C o n s e q u e n t l y ,  j p ( E )  -  p { E ^ ) |  = I i  ? ( P ,
oo
w h o se  l i m i t  i s  z e r o  a n d  s o  p ( E )  = E-, p ( E^ ) o r  p i s  c o u n t a b l yn—‘1 n
a d d i t i v e .
T h e o re m  2 . 3 1  ( R i e s z  r e p r e s e n t a t i o n . t h e o r e m ) I f  S i s  a  c o m p a c t
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m etric  space th ere  i s  an iso m etr ic  isomorphism between C*(S) 
and rca(S)  such that the corresponding elem ents x* and \i 
s a t i s f y  the id e n t i t y
(*) z* f  = / g f ( s } u ( d s ) ,  f  e C(S) .
Pr o o f ; - Theorem 2.25  shows th a t  each p e rca(S)  determines  
an X* e C*(8) by the formula ( * ) ,  th a t  ||x*|| = ||p|| and that  
the correspondence between x* and p i s  l in e a r .  Thus to  prove 
t h i s  theorem i t  s u f f i c e s  to  show th a t each X e rba(S) de­
termines a p € rca(S)  such th a t
/gf(s)X(ds) = /gf(s)p(ds) for f e C(S) .
F ir s t  we show th a t Xe rba(S) has a unique regualr  
countably a d d i t i v e  e x te n s io n  to  the a - f i e l d  determined by 2, 
the f i e l d  generated  by the c lo se d  s e t s  in  S,
Since X I s  reg u la r  i f f  the p o s i t i v e  and n egative  v a r ia ­
t io n s  o f  i t s  r e a l  and imaginary p a r ts  are regu lar  we w i l l  
assume p i s  n on -n egative  By Theorem 2,30 X Is  countably  
a d d it iv e  in  2 . Thus the  o u ter  measure A defined  in  Theorem 
2,28 y ie ld s  a countably a d d it iv e  ex ten s io n  to  the o - f i e l d  2  ̂
generated by 2 . ( ^  i s  countably a d d it iv e  on the a - f i e l d  of
A - s e t s  accord ing to  Theorem 2,2? and Theorem 2,28 says  
every s e t  in  2 i s  a X - s e t  and so we have 2 contained in  a 
a - f i e l d  2 , )
00
Thus for  E € 2 and e > 0 th ere  are s e t s  E_e 2 with > E_  n n—X n
/ \  OD
and \  (n=l®*n“ E) < § .  By the d e f i n i t i o n  o f  a regular se t  
function  there  e x i s t s  an open s e t  and a se t  G g with  
En S Pn S  A„ and m(a„ - E„) I f  0 = 0„ and
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A  = U A ^ ,  t h e n  G I s  o p e n ,  A e 2 ^  a n d  E c G c  A,
00 00 
A -  n y = A  "  n U l ' V  E „ ) .
5^ ( A-E) < t ( A  -  U E ) + ' î  ( U E -  E)n  n '  '  ' n  n  
CO , e °°  G r
^  n E l  ®n) + I  ^  n § l  ^  ^  I  = - •
A p p l y i n g  t h e  s a m e  a r g u m e n t  t o  E * ,  we c o n s t r u c t  a  s e t  B i n  2 ,
w h o s e  c l o s u r e  i s  c o n t a i n e d  i n  E ,  s u c h  t h a t  x ( E- B)  < e .
^  'C'T h i s  p r o v e s  t h a t  /  i s  r e g u l a r  o n  2 .  T h u s  X e r c a ( S )  a n d
s i n c e
/ g f ( s )  X ( d s )  = / g f ( s )  X ( d s )  f o r  f  e G( S )  we h a v e
p r o v e d  t h e  t h e o r e m .
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